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Abstract

In the presence of sufficiently weak overlap, it is known that no regular root-n-consistent estimators
exist and standard estimators may fail to be asymptotically normal. This paper shows that a thresholded
version of the standard doubly robust estimator is asymptotically normal with well-calibrated Wald
confidence intervals even when constructed using nonparametric estimates of the propensity score and
conditional mean outcome. The analysis implies a cost of weak overlap in terms of black-box nuisance
rates, borne when the semiparametric bound is infinite, and the contribution of outcome smoothness
to the outcome regression rate, which is incurred even when the semiparametric bound is finite. As a
byproduct of this analysis, I show that under weak overlap, the optimal global regression rate is the
same as the optimal pointwise regression rate, without the usual polylogarithmic penalty. The high-level
conditions yield new rules of thumb for thresholding in practice. In simulations, thresholded AIPW can
exhibit moderate overrejection in small samples, but I am unable to reject a null hypothesis of exact
coverage in large samples. In an empirical application, the clipped AIPW estimator that targets the
standard average treatment effect yields similar precision to a heuristic 10% fixed-trimming approach

that changes the target sample.

1 Introduction

In observational data, it is common to find at least some treated observations with small propensity
scores, in which case overlap is weak. Under weak overlap, outcome regression is more difficult and inverse
propensity estimators can divide by small numbers.

This paper studies the extent to which standard asymptotic results for doubly robust estimators continue

to apply when strict overlap does not hold, but there is a tail bound on inverse propensity scores. The paper
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aims to answer two questions:

(1) Black-boz rates. Under what conditions on nuisance errors do Wald confidence intervals constructed
using doubly robust estimators have well-calibrated coverage?

(2) Feasibility. When are the black-box rates in (1) feasible under weak overlap?

Overlap weakness is measured with a tail-bound parameter vg. It is known that there is a phase transition
when g crosses two, which corresponds to a uniform propensity density.

Values of the tail parameter vy above two correspond to stronger overlap assurances, a case which I
call somewhat weak overlap. Under somewhat weak overlap, it is known that the semiparametric bound for
estimation of v is finite and can be achieved by the doubly robust Augmented Inverse Propensity Weighted
(ATPW) estimator with known conditional mean outcome and propensity functions. I show that semi-
parametric efficiency holds even when using nonparametric estimates of the two AIPW nuisance functions,
provided the nuisance estimates are constructed by cross-fitting and achieve error rates r, , and r., that
satisfy the product condition that n'/ QTu’nTe,n tends to zero in probability. The one modification I make
relative to the usual analysis is that I require the nuisance rates to apply uniformly in regions with small
propensity scores, which is immediate under L., bounds.

Values of g below two allow the density of propensity scores to be unbounded at zero, a case which I
call very weak overlap. Under very weak overlap, it is known that the semiparametric efficiency bound is
infinite and Inverse Propensity Weighting (IPW) estimators fail to be asymptotically normal, even if the
propensity function is known. Ma and Wang (2020) show that thresholding strategies that clip (Winsorize)
or trim (discard) observations with small propensity scores at a sequence of b,, tending to zero can restore
asymptotic normality, but at a slower-than-/n rate and with first-order bias. Previous work has proposed
constructing confidence intervals for this case using debiasing strategies and self-normalized subsampling. I
show that if thresholding is applied to AIPW, then there is no first-order bias and simple Wald confidence have
exact asymptotic coverage. The analysis provides sufficient black-box conditions for AIPW with estimated
nuisance functions to achieve these asymptotic results: first, that the threshold b,, tends to zero more slowly
than the propensity error 7. ,; and second, that the product n'/ 27’“7an°/ % tends to zero in probability.

That analysis characterizes the feasibility of AIPW Wald confidence intervals under black-box conditions
on the propensity estimates and outcome regression. An added difficulty is that in regions with weak overlap,
there cannot be many treated observations to use in outcome regression. I quantify the added difficulty for
the case of regression within a Hélder smoothness class of order 8, > 0. I show that weak overlap scales

the effective outcome smoothness by 1 — 1/7, exhibiting a cost of weak overlap even in the somewhat weak



overlap regime in which the other asymptotic results carry through nearly unchanged. I show that in this
setting, the optimal global rate is equal to the optimal pointwise rate, without the usual polylogarithmic
factor separating the optimal pointwise and global rates (Stone, 1982). The argument leverages a novel
construction partitioning the covariate space into regions with increasingly strong overlap assurances in such
a way as the contribution of each region to the worst-case error is half as large as the previous contribution.
In this way, the contribution of infinitely many regions to the global error is controlled uniformly.

Taken together, these results provide a precise answer to the question posed by this work’s title: doubly-
robust t-statistics can handle weak overlap of tail bound 7y, provided the outcome and propensity nuisance

functions are in Holder smoothness classes of order §, and 8. and
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In this case, the threshold b, = n~fe/(2Be+d) 1og(n)BPe+d)/(28:+d) guffices, regardless of the weak overlap
parameter v9. When the outcome and propensity smoothness orders are the same 5 > 0, then thresholded

ATPW can handle weak overlap of order g, so long as:

262 +28d+d?>  4B2 }

70>max{ ﬁ(?ﬁ—i—d) 74B2_d2

Under Lipschitz continuity of both nuisance functions in one dimension, doubly robust t-statistics can handle
weak overlap of order vy > g In higher dimensions, there is always some sufficient smoothness order that
yields valid t-statistics for any fixed tail bound.

The conditions here yield new rules of thumb for thresholding in applied work. In my favored regime, the
econometrician is willing to posit a minimal consistency rate for one of the two nuisance function estimates.
Given such a minimal rate, a simple plug-in procedure predicts the threshold with the laxest restriction
on the other nuisance function needed to achieve well-calibrated Wald confidence intervals. In the absence
of any such information, a third rule of thumb derives a threshold that imposes the laxest equal minimal
consistency rate on both nuisance estimates. None of these rules of thumb depend directly on knowledge of
the tail bound parameter 7.

In simulations, I find that clipped AIPW achieves the promised properties asymptotically. I consider a
setting of very weak overlap with nonparametric outcome regression and propensity estimates. Unthresholded
IPW and ATPW estimators perform poorly, with large errors and nonnormal asymptotic distributions. In this
setting, clipped IPW displays its known first-order bias, and clipped AIPW displays the second-order bias

justified by the theoretical analysis. With access to 1,000 or 10,000 observations, I find that p-values based



on clipped AIPW t-statistics exhibit moderate overrejection. In large samples with 100,000 observations,
a Kolmogorov-Smirnov test based on 5,000 simulations is unable to reject a null hypothesis that clipped
ATPW p-values on the true causal effect are exactly uniformly distributed.

I apply the clipped AIPW estimator to data on right heart catheterization. I consider the setting of
Connors et al. (1996), which has become a canonical setting with weak overlap, including providing the
empirical application for Crump et al. (2009)’s paper proposing a 10% fixed-trimming rule of thumb. I
compare the clipped AIPW estimator that targets the full-population effect to estimators that apply AIPW
to a sample trimmed based on a fixed rule. I find that by including observations with small estimated
propensities, the clipped AIPW strategy increases the estimated harm of the procedure by 0.17 standard
errors relative to the 10 percent fixed-trimming rule, while increasing the estimated standard error by only
5.1%. These results show that targeting the full-population treatment effect does not need to introduce
a major efficiency loss, and show that thresholded AIPW can easily be added as a robustness test when
practitioners apply a fixed-trimming rule.

Weak overlap is a common phenomenon in practice and in theory. The dominant response to weak
overlap in inverse propensity score practice is trimming: dropping samples with small propensity estimates
in order to estimate average effects within a more precise population (Currie and Walker, 2011; Bailey and
Goodman-Bacon, 2015; Galiani et al., 2005), typically following the 10% rule of thumb from Crump et al.
(2009). Other proposals targeting new samples include reweighting towards higher-precision populations
(Yang and Ding, 2018; Li et al., 2018) or clipping strategies that Winsorize weights above (Lee et al., 2011;
Tonides, 2008)." D’Amour et al. (2021) argue that weak overlap is likely to be prevalent in modern settings
with high-dimensional covariates. Imbens (2004) argues that changing the target estimand may be necessary
in the absence of sufficient precision.

There is theoretical work characterizing estimation of nonstandard estimands under weak overlap. Khan
and Tamer (2010) show that very weak overlap yields an irregularly identified parameter, an infinite semi-
parametric efficiency bound, slower-than-1/n estimation rates for the traditional average causal effects, and
no clear notion of best estimator. An important theoretical literature has proposed novel point and confi-
dence interval estimators with desirable properties under weak overlap (Rothe, 2017; Armstrong and Koles4r,
2017, 2021; Sasaki and Ura, 2022; Ma et al., 2023; Chaudhuri and Hill, 2024). Many of these procedures
have favorable properties relative to the simpler thresholded estimator I consider here, but to my knowledge
there has been little take-up by practitioners. Ma and Wang (2020) and Khan and Ugander (2022) show

that sufficiently trimmed AIPW and IPW can remain asymptotically normal, but at the cost of introducing

! Awkwardly, the epidemiological literature sometimes refers to the Winsorization strategy as “trimming.” My results hold for
both dropping or Winsorizing extreme propensities, so the confused reader can view this as a work deriving simple asymptotics
for trimmed AIPW regardless of their preferred meaning of “trim.”



first-order bias for the standard causal effects that often calls for a nonstandard debiasing strategy that
can enable laxer regression conditions than the standard smoothness conditions I explore. Crump et al.
(2009), Yang and Ding (2018), Li et al. (2018), and Goldsmith-Pinkham et al. (2024) propose changing
estimands in response to weak overlap, which introduces a discontinuous estimand based on whether or not
the econometrician detects meaningful overlap weakness.

Other theoretical literature so far has either proposed a nonstandard causal estimator, required non-
standard techniques to construct confidence intervals, or done both. Ma and Wang (2020) and Heiler and
Kazak (2021) propose using self-normalized subsampling methods that enable valid statistical inference for
standard estimands without clipping or trimming, but empirical practice has favored simple t-tests. Ma and
Wang also propose a debiasing procedure. Heiler and Kazak also find that estimated untrimmed AIPW
is first-order equivalent to the oracle AIPW estimator with known nuisance functions, and the associated
asymptotic distribution is alpha-stable, if the product of nuisance estimation rates is of a lower order than
the oracle standard deviation; I find this result does not extend to the thresholded AIPW estimator that
I show is asymptotically normal. Ma et al. (2024) and Lei et al. (2021) propose statistical tests under a
null of sufficient or strict overlap, respectively, presumably in the hopes of avoiding these complications. My
analysis of nonparametric regression rates is also relevant to the literature on regression with degenerate
designs, although to my knowledge the possibility of a global rate with no polylogarithmic penalty is new
(Stone, 1982; Hall et al., 1997; Gaiffas, 2005; Mou et al., 2023).

The plan of the paper is as follows. Section 2 presents the setting and main theoretical results. Section 3
interprets these results as minimal black-box consistency rates and as minimal smoothness rates. Section 4
considers implications for parametric estimators and derives some rules of thumb for empirical use. Sec-
tion 5 presents numerical results for simulations and the empirical application to right-heart catheterization.
Section 6 concludes.

Notation. I follow Heiler and Kazak (2021) and use “strict overlap” to refer to the case in which the
propensity score is bounded away from zero almost surely; I use “weak overlap” to refer to the case in which
the infimum of the support of the propensity score is zero, which is sometimes called “limited overlap” (Khan
and Tamer, 2010; Chaudhuri and Hill, 2024). I focus my attention on distributions with weak overlap that
may possess subexponential tails. T use “very weak overlap” to refer to case in which the associated heavy tails
can fail to generate inverse propensity moments, a class which is sometimes called “heavy tailed” (Chaudhuri
and Hill, 2024). I use “somewhat weak overlap” to refer to the case in which I allow only subexponential
tails that are sufficiently light, a class which is sometimes said to satisfy “strict overlap” or “overlap” (Heiler
and Kazak, 2021; Bruns-Smith et al., 2024). I write ﬁzgﬁ‘ge)(bn) =15 @¢(Z | bp,n) for the oracle ATPW

T n

estimate with pseudo-outcome ¢(Z | b,,{e(X), p(X)}) = p(X) + % and clipping threshold b,, and



on = n—mﬁ S A(Z | by m)? = g (0n)? and 6, = n—mﬁ S O(Z | by i) = (2 6(Z | b))
for the associated oracle and estimated sample standard deviation, respectively. I refer to regions of the
covariate space in which the propensity can be arbitrarily close to zero as singularities. I use the notation
Ep[] and EJ-] to refer to the expectation under the maintained distribution P, and I use the notation 1 (P)
to refer to the statistical average potential outcome Ep[Ep[Y | X, D = 1]] where the right-hand side is
well-defined under P. I abuse notation and write ¢» = 9(P) and use suppc 4 B to refer to the supremum of
B over distributions P in A under any maintained restrictions on the distribution and nuisance functions.
I write that a set of nuisance functions are cross-fit if the data is partitioned into K folds and the nuisance
functions in fold k& are independent of the data in fold k. I write A,, <p B, to refer to the case that for all
€ >0, P(A, > B, +¢) — 0. I write P (E,,) for the probability of event E,, occurring under the distribution
P, with the number of draws n sometimes left implicit. I use the notation ¢,, < d,, for nonnegative sequences

¢n, dy, to indicate that d,, > 0 for all n large enough and ¢, /d,, — 0. T use the notation ¢, 2 d,, and d,, = ¢,

to indicate that there is some ¢ > 0 such that d,, > d¢,, for all n large enough. I write ¢, = op(d,) for
sequence of d,, > 0 to indicate that for all § > 0, P(|c,|/d, > §) — 0; if there is only one distribution in a
statement, ¢, = o(d,,) should be understood to mean ¢, = op(d,,). I use log to refer to the natural logarithm
and a V b to indicate max{a,b}. I define Holder smoothness using a multivariate version of the notation
of Tsybakov (2009): a function f is in the Holder smoothness class ¥(8, L) if the |3]-order multivariate
derivatives D*f = aﬂ’#ﬁ%?..f satisty | D®f(x) — Df(z')|| < Ll — 2'||?~P), where T write D f(x) for

D“ f evaluated at x. For simplicity, I use local polynomial regression to refer to specifically kernel regression

with uniform bandwidth: 7OW)(z | h) = %D[)lﬂlll)_(x_jﬂ”g;g}y when feasible and N")(z | h) = 0 when no
nearby treated observations are available. For an estimator 7 of 1, I use ||] — 1||co to refer to the sup norm

SUPy e Support(P) |’ﬁ(l‘) - 77(35)‘

2 Setting, Consistency, and Asymptotic Normality

This section presents asymptotic results under black-box nuisance conditions.

2.1 Setting

I derive uniform convergence rates under lower bounds on overlap weakness. I follow Ma and Wang
(2020), who provide important building blocks in my analysis, and parameterize overlap weakness through a
tail parameter . Unlike their analysis, the results will be uniform over a model family & satisfying certain

restrictions, including some basic regularity conditions.
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Figure 1: Simulations of 10,000 observations of e(X) with P(e(X) < 7) = 77~ for increasing values of 7o.

Assumption 1. Let & be a nonempty family of distributions, and write e(X) = P(D =1 | X) and pu(X) =
EplY | X,D =1]. Then every P € &2 satisfies the following conditions for some ¢ > 3, M, oin, C > 0 and
Yo > 1:

(a

) Conditional moments. E[|Y — u(X)|?| X,D = 1] < MY < oo almost surely.
(b) Unconditional moments. Var(u(X)) < M.
)

)

(c) Residuals. Var(Y | X, D) > o2, .

(d) Propensity tail. P(e(X) <) < Cr~1 for all m € [0, 1].

Definition 1 generalizes Ma and Wang (2020)’s slowly varying tails assumption. Assumptions 1(a) through
1(c) are regularity conditions that rule out cases like perfectly predictable outcomes. Assumption 1(d)
provides the substantial restriction on &2: overlap may be weak in the sense that vy is finite, but there is
some minimal vy and C' that provides a lower bound on the propensity’s tail behavior. Under strict overlap,
Assumption 1(d) holds for any finite vy > 1, and most results here hold after replacing o with infinity. Under
weak overlap, Assumption 1(d) may only hold for some values of 7, in which case the inverse propensity
distribution may be heavy-tailed. I refer to the case vy > 2 as “somewhat weak overlap” and refer to the
case of 7y < 2 as “very weak overlap.” As 7g shrinks below 2, overlap is permitted to be increasingly weak.
Yo < 1 corresponds to no bound on the propensity distribution.

Figure 1 illustrates behavior for simulated data with various values of 79. When the propensity score
e(X) has a well-defined density, 79 = 2 corresponds to a roughly uniform distribution of propensity scores
(Ma and Wang, 2020). When ~j is above two, the density of propensity scores tends to zero at zero; when

o is below two, the density of propensity scores can tend to infinity at zero. Heuristically, there are never



too many treated observations with very small propensity scores, but vy governs the degree to which there
can be many untreated observations with very small propensity scores.

A phase transition occurs when -y crosses two.

Proposition 1. (i) Suppose Assumption 1 holds for some g > 2. Then the semiparametric bound is finite
for all P € P. (ii) Suppose Assumption 1 holds for some vy € (1,2), and there is a P € & and C' > 0

such that P(e(X) < ) > C'n70~1 for all w € (0,1]. Then the semiparametric bound is infinite for P.

I will require certain rates on the nuisance functions e(X) and p(X). I write the worst-case rates as 7.,

and 7, p.

Assumption 2 (Cross-fitting and Lo, rates). The nuisances /i and é are estimated with cross-fitting with
a fixed number of folds K. If ny is the number of observations per fold, then infy ny/sup, ny — 1. Further,

forall k€ 1,...,K and all P € &, the cross-fit nuisances satisfy the uniform consistency rates Ep][|| ,&gfk) —

o) < 7pn and Ep[||é,(1_k) — €lloc] < 7e,, where 7, 7 ,, are uniformly bounded above.

Cross-fitting is a common strategy for simplifying the analysis of Neyman-orthogonal estimators like
ATPW (Chernozhukov et al., 2018). In practice, nuisances satisfying Assumption 2 may only be achieved
with arbitrarily high probability. T impose uniformity to ensure these rates hold in regions of z with weak
overlap, but can be bypassed with Lo error conditions in other regions. Such uniformity assumptions are

standard in studying semiparametric estimators under irregular identification (Semenova, 2024).

2.2 Estimator and Consistency

My formal analysis considers the clipped AIPW estimator with cross-fit nuisance function estimates.
Results for the other standard thresholding procedure, trimming, generally follow by the same arguments. I
begin by providing sufficient conditions for consistency.

For simplicity, I focus the theoretical analysis on estimating the average potential outcome ¢p = E[DY/e(X)].

The average treatment effect follows as a corollary. The clipped AIPW estimator of 1) is:

D(Y — (X))

max{é(X), b}’ (1)

K
N 1 o R .
A ba) = 37 D7 6(Z b)) where 9(Z | b,) = (X) +
k=14ieFk
In that equation, F* is the set of observations i randomly partitioned in fold k, 7#(~*) is the nuisance function
estimates constructed only on observations in folds other than k. The unthresholded AIPW estimator is
the special case of b, = 0. I analyze the clipped AIPW estimator because results for the trimmed AIPW

estimator follow somewhat more easily.



A standard result for the unthresholded ATPW estimator is double robustness: when e(X) is bounded
away from zero, unthresholded AIPW is consistent for v if either r., or r, , tends to zero. The existence

of weak overlap introduces a subtlety to double robustness.

Proposition 2 (Consistency). Suppose b, satisfies n~1/2 « b, < 1, the conditions of Assumption 2 hold,

and either (i) reynbfin{%_z’o} — 0 or (©W) run TC’ZH’" — 0. Then for all e > 0,

sup P (
Pe

JAIPW (, 1y ¢(P)‘ > e) 0.

clip

Under very weak overlap, condition (i) is stronger than the classic strict overlap condition that r.
consistency implies estimator consistency. It requires that 7., go to zero faster than b2~ so that as
overlap is allowed to be weaker, the propensity consistency rate may need to be as fast as b, itself. Under
even somewhat weak overlap, condition (ii) is stronger than the classic r,, — 0 condition. With an
inconsistent propensity score, a meaningful fraction of the data may be clipped even asymptotically, in
which case the outcome regression error rate must offset the positive probability of incorrectly assigning an

inverse propensity weight of b, 1.

2.3 Asymptotic Normality and Confidence Intervals

This subsection presents the main theoretical claims of the paper. It shows that under suitable rate
restrictions, the clipped AIPW estimator is first-order equivalent to an oracle clipped AIPW estimator,
both estimators are consistent and asymptotically normal, and simple Wald confidence intervals are well-
calibrated.

A common strategy for deriving confidence intervals for unthresholded AIPW under strict overlap is
Neyman orthogonality. In those classic settings, the difference between the feasible AIPW estimator with
estimated nuisance functions and the hypothetical oracle AIPW estimator with known nuisance functions is

%Z¢(Z|0,ﬁ)*¢(2|o,n):%Z(ﬂ,u) (§1>+(Yﬂ) (§D>‘

e

Intuitively, the regression errors {1 — p are debiased by the inverse propensity estimates % of the number

one. As a result, in classical settings, slowly consistent nuisance estimates can yield quickly consistent
causal estimates. When all nuisances are consistent at o(n~'/4) rates and e(X) is bounded away from zero,
inverse propensity errors are of the same order as propensity errors, classical AIPW estimates are first-order
equivalent to oracle estimates with known nuisances, and simple Wald confidence intervals cover the true

causal effect by appeal to the asymptotically normal oracle AIPW estimator.



Under very weak overlap, thresholded AIPW does not obtain the standard debiasing benefit. The anal-

ogous decomposition for clipped AIPW is

;qu(zwn,ﬁ)¢<Z|bn,n>—i2<ﬂﬂ><D 1)*”’”( 7 g >

max{é,b,} max{é,b,} max{e,by,}

Above the clipping threshold b,,, thresholded ATPW’s nuisance estimation error enjoys a product-of-errors
character that is similar to classical settings, albeit with multiplication by weights as large as b, !. Below
the clipping threshold, the regression errors are not debiased by any inverse propensity estimate.

Thresholded ATPW enjoys a subtly different form of debiasing: as the threshold tends to zero, increasingly
little mass remains. If the threshold b,, tends to zero quickly enough, the bias in the thresholded region is
debiased by the threshold itself. If the threshold b, tends to zero slowly enough, the product of errors
condition can remain feasible. My formal contribution is to show that there can be a Goldilocks range where
b, tends to zero neither too slowly nor too quickly, so that thresholded AIPW is first-order equivalent to
oracle AIPW and is asymptotically normal by appeal to the asymptotically normal thresholded oracle AIPW
estimator.

My results for asymptotic normality and statistical inference will proceed under the following rate re-

quirements.

Assumption 3 (Minimal rates). Assumption 2 holds, with the following rates on the regression error r,

and the propensity error re :

(a) Consistency. 1y, n,7en — 0.

(b) Product of errors. r nTen (1 N ASOIS 1og(1/bn)1{7°:2}/2) < n /2
)
)

. . . 2 _
(¢) Regression error near singularities. rmanO/ < n 12

(d) Asymptotically known thresholding. re, < by.

Under very weak overlap, conditions (b) and (c) are stronger than the standard product-of-errors con-

—1/2 —-1/3

dition 1, pTen K 1 . For example, when 79 > 1.5 and 7,, = n*1/4, then ro,, < n will suffice,

1/2 consistency rates:

provided r¢ 5, < b, < n~1/3. However, these conditions never require parametric n~
shared regression rates of n~1/3 will always suffice for these conditions, provided the clipping threshold b,
goes to zero at a rate sufficiently close to n~1/3. T discuss these conditions further in Section 3.2.

Certain technical possibilities call for one of two alternative further assumptions: a distributional smooth-

ness assumption or a stronger rate assumption.

Assumption 4 (Nongeneracy or faster rates). One of the following two conditions hold:
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(i) Nondegenerate overlap. There exists some p > 0 such that for all P € & and 7 € [0,1], P(e(X) <
7/2) < (1 - p)P(e(X) < 7).

(ii) Faster rates. r%nbgyo_lm/’m < n V2

Assumption 4(i) is a uniform version of the requirement that P(e(X) < z) = c(x)xz? ! for ¢(z) tending
to a constant at zero. The definition formalizes the notion that a distribution may place some propensity
mass near zero, but it may not place mass adversarially within the region of the origin. When ~y < 2,
Assumption 4(ii) is stronger than Assumption 3(c). As 7o tends to one, the condition approaches the
parametric requirement 7, = O(n=1/2).

I now provide the main theoretical result.

Theorem 1 ((Slow) Asymptotic Normality). Suppose b,, satisfies n='/? < b, < 1, and Assumptions 1, 2,

3, and 4 hold. Then the clipped AIPW estimator is oracle-equivalent:

. - 2
lim sup o, %FEp [( ;‘}{ppw(bn) - w?OISI‘gZ/@)(bn)) } =0.
n—oo Peop

Further, clipped AIPW is asymptotically normal:

=0.

lim sup sup
N0 pe teR

P(5$Wm»—wm

on

< t> — (1)

Theorem 1 is the core theoretical claim of this paper. The first result shows that thresholded AIPW is
first-order equivalent to an oracle estimator with known nuisances: the effect of nuisance estimation error
on the treatment effect estimate tends to zero faster than the standard deviation of the oracle estimator.
The second result leverages this first-order equivalence to characterize the asymptotic distribution of the
clipped AIPW estimates and t-statistics: the estimator is asymptotically normal, and estimated t-statistics
are asymptotically standard normal.

Both results are standard for AIPW under strict overlap, but substantial care is required to handle
unbounded inverse propensities under weak overlap. The argument for normality builds on Ma and Wang
(2020)’s proof that aggressively-trimmed oracle IPW with known propensities achieves asymptotic normality
with first-order bias. I extend their argument to a uniform family of distributions using the Berry-Esseen
Theorem and note that oracle AIPW must have zero finite-sample bias.

The main task of Theorem 1 is to show that replacing the true nuisances with estimated nuisances has
a second-order effect on clipped AIPW estimates under appropriate conditions. This is nontrivial, because

under weak overlap, there is an asymptotically unbounded number of observations with arbitrarily large
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inverse propensities with even known nuisance functions. Nevertheless, by taking appropriate care and
leveraging that clipping introduces bias by reducing inverse propensities, I am able to show that the effect
of nuisance estimation is second-order even under the very weak overlap case in which unthresholded AIPW
fails to be asymptotically normal and no regular root-n estimators exist.

Next, I show that Theorem 1 yields the natural result for inference: simple t-tests based on Wald

confidence intervals are well-calibrated.

Corollary 1 (T-tests are well-calibrated). Suppose the conditions of Theorem 1 hold. Consider the Wald

confidence interval Cp, (o) = 1/33{,53”’ (bn) + 2a /200, ﬁgf;w(bn) + Zl_a/26n] . Then for all a € (0,1/2),

limsup sup |P($(P) € Cn(a)) — (1 — oz)’ —0.
n—oo PeZ?

Under somewhat weak overlap, unthresholded AIPW is semiparametrically efficient. I now show thresh-

olding is also unnecessary.

Corollary 2 (Thresholding is second-order under somewhat weak overlap). Suppose Assumption 2 holds
for some vo > 2, rep and vy, — 0, and e prpn K n~Y2. Then the feasible AIPW estimator with b, =0

is semiparametrically efficient, and the associated Wald confidence interval (fn(a) satisfies

hq?l—ilip ;1611;2’ P(p(P) € Cp(a)) — (1 —a)| =0.

The logic of Corollary 2 is to show that any sequence of b, — 0 has a second-order effect on estimation,
so that unthresholded and thresholded AIPW are first-order equivalent, and there is some b, — 0 slowly
enough satisfying the conditions of Theorem 1, so that there is a thresholded AIPW estimator achieving
Corollary 1.

Taken together, this subsection yields a remarkable result for practice. The distribution P may place so
much propensity mass near the origin that the semiparametric efficiency bound is infinite, the lower bound
on the density of propensity mass near the origin can be so weak that identification nearly fails, and the
nuisance estimator may be so poorly designed that it pushes all observations’ estimated propensities towards
the origin at a slower-than-parametric rate. Nevertheless, Neyman orthogonality is sufficiently powerful to
ensure the validity of the simple t-test.

The next section interprets the rate requirements of Assumption 3.
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Table 1: Summary of degradation of asymptotic behavior and requirements as overlap is permitted to be
increasingly weak.

Overlap Phase Strict (inf e(z) > 0) Somewhat Weak (79 >2) Very Weak (v < 2)
Double Robustness Ten — 0 or Te,n — 0 or Te,nb;{o_Q — 0 or
Consistency Conditions Tun — 0 Tu,nb»,_ll —0 fruynre_,nb;l —0

Oracle AIPW Asymptotics

Unthresholded Distribution Normal Normal Nonnormal
Thresholded Convergence Rate  n~1/2 n~1/2 n=1/2p0=2)/2
Semiparametrically Efficient? Yes Yes No
Nuisance Requirements
2
Black Box: ”1/27"u nre n—0 (L2) 1/27’#@7“6 n— O (L ) n1/27’# nreon/ % 0 (L)
) B, 1 8. w08, 4
Smoothness: 2[1,“ Tt 2,8 “d > P + 2[3 e > 725“_“1 ~— + Sh1d > 3
Regression Rates
~Bu ~Bu(1=1/70) —Bu(1=1/70)
Pointwise optimum: n2Putd n 2P (1=1/70)+d N 28n(1=1/70)+d
— By —Bu(1=1/79) —Bu(1=1/79)
Global optimum: (n /log(n))2Pu+d n2Pu=1/70)+d n2Pu=1/70)+d

3 Interpretation of Nuisance Requirements

This section interprets the rate requirements for Wald confidence intervals to cover asymptotically. I
summarize the results in Table 1. Under somewhat weak overlap, thresholded and unthresholded AIPW
remain semiparametrically efficient and /n-consistent, and the traditional product of errors nuisance con-
dition remains in place with a modification to an L., on errors. Under very weak overlap, clipped AIPW
achieves a slower consistency rate and the required black box nuisance rates are more stringent. Both cases
make outcome regression more difficult, but never so difficult as to require parametric assumptions. As a
byproduct of this analysis, I show that the optimal pointwise and global regression rates under weak overlap

are the same, without the usual polylogarithmic factor in the global rate.

3.1 Degradation of Consistency Rate

The previous analysis suggests that smaller values of b,, are preferable because they admit weaker black-
box requirements. However, under very weak overlap, larger values of b, correspond to faster AIPW rates.

I characterize the consistency rate of any oracle-equivalent estimator as follows.

Proposition 3 (Consistency rate). Suppose the assumptions of Proposition 2 hold. Then there exist positive
constants cmin and Cmax Such that cpinn 1Ep [W} < ai < Cmaxn Ep [W for all

P e P, where 02 =n~1 (% S ¢(Z | bp,n)? 1/1240151?11(2)( )2> is the oracle sample variance.
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If the estimator were trimmed instead of clipped, Ep [W would be replaced by a term like

Ep [%} Weaker overlap corresponds to larger values of Ep[D/max{e(X),b,}?] and slower con-
sistency rates. Conditional on P, larger values of b, correspond to a smaller value of Ep[D/max{e(X), b,}?],
faster oracle consistency, and greater asymptotic power.

Proposition 3 implies a worst-case consistency rate over distributions in &. 1 focus on the case of very

weak overlap, because Corollary 2 shows that under somewhat weak overlap, clipped and traditional AIPW

achieve a traditional y/n consistency rate.

Corollary 3 (Worst-case consistency rate). Suppose yo < 2 and let b, be a fived sequence of by, satisfying
1> b, > n"Y2. There exists a C' > 0 such that for P satisfying Assumption 1, C'n~1b70~2 > SUppep 02
for all n large enough. Further, there exists a family & satisfying Assumption 1 and a C" € (0,C") such

that suppe g 02 > C"'n=10)°=2 for all n large enough.

The rate n~1b)° 2 is a worst-case consistency rate in b,: every distribution in & achieves a consistency
at least as fast as n~16)°~2  and it is possible to find a distribution for which the consistency rate is no
faster. The combination of Corollary 3 and Theorem 1 yields a trade-off under very weak overlap: smaller
values of b, yield laxer requirements on regression estimation near singularities, but lead to larger variance

and slower consistency.

3.2 Degradation of Black-Box Nuisance Requirements

Under very weak overlap, the black-box rates of Assumption 3 are more stringent than the usual
TunTen <K n~Y2 condition. The main requirement is that that r#’nrﬁ“{%/*” goes to zero faster than
n~1/2. As a result, outcome regression rates are more valuable than nominally equivalent propensity rates
under very weak overlap.

The usual product-of-errors condition under strict overlap often takes a form like r, nre n < 0y, Where
o, is the standard deviation of the Oracle estimator. For example, Heiler and Kazak (2021) argue that
this condition is sufficient for estimated unthresholded AIPW to be first-order equivalent to an oracle esti-
mator. An alternative characterization of the usual product-of-errors condition that r, pre n < n=1/ 2. this
requirement is equivalent under somewhat weak overlap, but is more stringent under very weak overlap.

Even this stronger product-of-errors requirement is insufficient for Wald confidence intervals constructed

with thresholded AIPW to be valid.

Corollary 4 (Under very weak overlap, faster rates are necessary). For any v € (1,2) and sequence b,

—1/2

satisfying n <K b, < 1, there is a family & and cross-fit nuisance estimators fi and é such that:
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1. Overlap is not too weak. & satisfies Assumption 1 for this 7.

2. Fast nuisance rates. Epe [[|é — ¢€|loo] < bn and suppe .z Ep (||t — ptlloo] X Ep [||é — e]los] < n™1/2.

3. Wald inference fails. For any fized target coverage level a € (0,1), the Wald confidence intervals én(a))

based on AIPW with clipping at b, have the zero-coverage property sup pe » P(1(P) € én(a)) — 0.

A heuristic sufficient condition for Wald confidence interval validity is rmnrgj LH{WOQ}/ 2 < n~Y2, When

i 21/2 . .
.T;Ln{% }2 and estimation

Yo < 2, there is a range of nuisance estimates such that 7, ,7e, < 172 < 1)y
bias can be of a higher order than the oracle variance.
I calculate the black-box rate requirements under Assumption 4(i) in a few special cases. I omit an

analysis of the stronger rate requirement in Assumption 4(ii) that would be needed to handle degenerate

distributions.
Assumption 5. Assumptions 1, 2, and 4(i) hold, and re ,, 7., — 0.
I characterize the following special cases.

Example 1 (Somewhat weak overlap). Suppose Assumption 5 holds, vo > 2, and 7, ,7¢,n < n~1/2. Then

there exists a b, — 0 such that clipped AIPW t-statistics are asymptotically well-calibrated.

Example 2 (Second moments barely fail to exist). Suppose Assumption 5 holds for 79 = 2 and there is
some 7 > 0 such that 7, ,7¢nlog(1/ren) < n~12. Then there exists a b, — 0 such that clipped AIPW

t-statistics are asymptotically well-calibrated.

Example 3 (Shared rates, very weak overlap). Suppose Assumption 5 holds for some vy > 1 and ry, , re n, <

n~1/3. Then there exists a b, — 0 such that clipped AIPW t-statistics are asymptotically well-calibrated.

Example 4 (Parametric rates). Suppose Assumption 5 holds for some 7y > 1 and either (i) r, , = O(n™%/?)
and r¢, = o(1) or (ii) 7e,, = O(n~Y2) and 7, ,, = o(n?0=2/4). Then there exists a b, — 0 such that clipped

ATPW t-statistics are asymptotically well-calibrated.
I now unpack the black box and quantify the degree to which weak overlap makes a given outcome

regression rate more difficult to achieve.

3.3 Necessary Smoothness Conditions

Weak overlap makes outcome regression more difficult: there may be few treated observations in precisely
the regions in which thresholded ATPW depends most acutely on outcome regression. In this section, I

show that for pointwise rates, even somewhat weak overlap can be viewed as degrading effective outcome
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smoothness for optimal local polynomial estimators. I also derive a blessing of weak overlap: the optimal
global rate is equal to the optimal pointwise rate, without the usual polylogarithmic penalty.
I characterize optimal nonparametric regression rates under Holder continuity. For convenience, I fix the

covariates to be uniform over a specific hypercube in R% with constant variance.

Assumption 6 (Holder smoothness and fixed domain). &2 satisfies Assumptions 1 and 4(i), and for all

Pe 2 X ~Unif(-1,1]") and Y | X,D ~ N (Dup(X) + (1 — D)pp(X), 0

min)?

with u, ¢ in the Holder

smoothness class X(f,,, L) for some fixed 5,, L > 0.

Most of these assumptions are standard assumptions for studying local polynomial regression under strict
overlap (Stone, 1982). I assume normal outcomes in order to simplify the characterization of the optimal
rate. It is known that in this case but under strict overlap, the optimal pointwise rate is n#ﬁifl, and the
optimal global rate (n/ log(n))% has a polylogarithmic penalty, in the sense that the optimal global rate
is worse by some polynomial factor of log(n).

I require that treated observations cannot concentrate in small regions.

Assumption 7 (Non-trivial concentration). There are parameters p,vy > 0 such that for all A > 0 small

enough and all P € & and xg € [-1,1]% P(e(X) > psup,_,, <n€(@) | D =1,[|X — x|l < h) > 7.

I show in Appendix Proposition 5 that this condition holds if the propensity function is sufficiently smooth.
When the propensity function is nonsmooth, it is possible for nature to concentrate treated observations
within a given bandwidth in a region that is too small, introducing local polynomial degeneracy issues that
are outside the scope of this work.

In the worst case, weak overlap of order «y > 1 plays a role equivalent to scaling the effective outcome

smoothness downward by (1 — 1/7p), but also removes the polylogarithmic factor in the optimal global rate.

,B*
Theorem 2 (Weak overlap reduces effective outcome smoothness). Define ¢, = n26"+d, where f* =

Bu (1 —1/7). Then

(i) 1y, is a pointwise (and global) rate upper bound. There exists a ¢ > 0 and a P satisfying Assumptions
6 and 7 such that

liminf inf sup P (|@(0) — u(0)] > cip,) > 0.
n=eo b peyp

(ii) 1 is an achievable global (and pointwise) rate. Suppose & satisfies Assumptions 6 and 7. Then there

exists an estimator [i(x) such that for all € > 0, there is a finite c(e) such that

limsup sup P (||t — pllc > c(€)ihn) < e
n—oo PeZ?
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Further, the estimator can be computed without knowledge of the overlap bound .

Recall that under strict overlap, the optimal pointwise convergence rate for a Holder-smooth regression
function is n”;u% Theorem 2 shows that weak overlap has the effect of degrading the effective smoothness
rate from S, to B,(1 —1/70). As overlap is allowed to become increasingly weak and other parameters are
held constant, there can be regions of the covariate space with increasingly few treated observations so that
the optimal pointwise regression rate is slower. This penalty occurs even under somewhat weak overlap. In
the limit in which 7 tends to one, the rate in Theorem 2 can become arbitrarily poor. For example, when
Yo = 2, the difficulty of estimating a twice continuously differentiable function is comparable to the difficulty
of estimating a Lipschitz-continuous function under strict overlap.

Theorem 2 also presents a blessing of weak overlap: the optimal global rate is equal to the pointwise
rate, with no polylogarithmic penalty. Usually, optimal global rates are worse than optimal pointwise rates
by a polylogarithmic factor due to the need to have accuracy at a number of gridpoints that grows with
n. Under weak overlap, the global rate still must be consistent at all gridpoints, but most gridpoints must
satisfy strict overlap and have a negligible contribution to the global consistency rate. The challenge is to
partition the remaining observations in a way which does not impose a polylogarithmic penalty. Naively
partitioning the remaining observations into regions of increasing overlap with a constant penalty yields
log(log(n)) partitions and a penalty potentially as large as log(log(log(n))). The proof of Theorem 2 instead
uses a more subtle construction, partitioning [—1, l]d into observations with increasing overlap in such a
way as each partition’s worst-case global penalty is half as large as the previous worst-case penalty, even
after accounting for the increasing number of gridpoints. Appendix Proposition 6 shows that if smallest
partition’s penalty is sufficiently large, then this construction eventually includes all relevant observations.
Then, summing over the penalties yields a global penalty that is large but bounded, so that the optimal
pointwise rate is an achievable (and therefore optimal) global rate.

Theorem 2 yields minimal smoothness assumptions for Wald confidence interval validity.

Corollary 5 (Minimal smoothness conditions). Suppose Assumption 6 holds and there is a S > 0 such that

e(X) € ¥(Be, L) and

/BM + min{'yO/za l}ﬁe
28, +dyo/(v0 — 1) 28e +d

>1/2. 2)

Then there is a sequence of nuisance estimators and thresholds that are independent of vo such that for all
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Yo > 1, the associated Wald confidence interval (fn(a) constructed using Aé}i]:W (bn) satisfies

lirrisup Fs>lelp9 P(P) € Cp(a)) — (1 —a)| = 0.

In one dimension, thresholded ATPW with Lipschitz-continuous conditional outcome mean and propen-

%. In multiple dimensions, the econometrician

sity function can handle weak overlap of order vy >
must assume stronger smoothness restrictions than Lipschitz continuity in order to achieve the necessary
nuisance rate guarantees under even strict overlap. When the propensity function is infinitely-differentiable,

thresholded ATPW with a Lipschitz-continuous conditional outcome mean can handle weak overlap of order

d(y/73+470—4+2—7)

4(7v0—-1)

Yo > 227:'21). More generally, under very weak overlap, if 3, 8 >

, then it is feasible to
achieve standard inference with thresholded ATPW.
This concludes the substantive theoretical analysis. In the next section, I use these results to infer lessons

for empirical practice.

4 Lessons for Empirical Practice

This section leverages the theoretical analysis to consider misspecified parametric estimators and some

rules of thumb for empirical use.

4.1 Parametric Estimators and Misspecification

When both nuisance functions are estimated nonparametrically, then consistency is achievable and AIPW
is generally preferable under strict overlap. When both nuisance functions are estimated parametrically,
then it is possible for one or both nuisance function to be inconsistent and the choice of estimator may
be ambiguous. I now provide some intuition on the two estimators when nuisance functions are estimated
parametrically and through cross-fitting. I will consider IPW and AIPW with the same sequence of thresholds
by, satisfying 1 > b, > n~1/2. T write that a nuisance estimate 7 is consistent if it tends to the correct limit
1, and I write that 7 is inconsistent otherwise.

In this subsection, I will assume that parametric nuisance estimators 7 achieve an L., error relative

to a limiting nuisance function 7 that is the order of n~!/2. For example, consider logit estimation of

cxp(X'P)

Treap(X73) for a pseudo-true parameter 5. If the support of X

a propensity model of the form e(X) =

1/2 1/2

is bounded, then n~!/“-consistent estimate of J is sufficient to achieve n~!/“-consistent estimation of e(X)
everywhere. However, weak overlap may emerge from unbounded tails, in which case the L., rate may not go

to zero. Unbounded covariates are an important case in general. For example, Ma and Wang (2020) motivate

18



weak overlap tails through the distribution of covariates under a logistic propensity model. Nevertheless, a
careful treatment of parametric estimation of nuisances with unbounded covariates is outside the scope of
this work.

The analysis above is easiest to extend when either both or neither nuisance function is consistent. If
both nuisance estimates are consistent, then the AIPW and IPW estimators will be consistent and will have
variance on the same order, but the IPW estimator may have higher-order bias than the AIPW estimator.
This higher-order bias follows because IPW can be viewed as a particular case of AIPW with an inconsistent
outcome regression estimator. If both the propensity and outcome regression estimates are inconsistent,
then both the IPW and AIPW estimators fail to be consistent, and as in the case of inconsistent nuisance
functions with strict overlap, there is no general reason to prefer one or the other.

When the outcome regression estimate is inconsistent, there is no general reason to prefer IPW or
ATPW, but both estimators may have bias that is of a higher-order than the estimator’s standard deviation.
When [ is inconsistent, both IPW and AIPW can be viewed as instances of AIPW with an inconsistent
outcome regression estimate. Suppose P is a distribution from the second half of Corollary 3, which has
P(e(X) < ) ~ w7~ for all 7 small enough. The bias in the thresholded region with an inconsistent outcome
regression estimate is generally on the order of P(e(X) < b,,) ~ b)e~t. However, by Corollary 3, the oracle
ATPW (and oracle IPW) standard deviation is on the order of n=1/2b1°/>~* « b20=1. This heuristic analysis
suggests that in many cases, IPW or AIPW-with-inconsistent-outcome-regression will have bias that is of a
higher order than the estimator’s standard error. That intuition is similar to Ma et al. (2023)’s analysis of
trimmed ATPW with a tailored debiasing procedure.

The case of a consistent outcome regression estimate with inconsistent propensity estimates is more
interesting. In this case, AIPW should have lower-order bias than IPW, because IPW will be inconsistent.
The Berry-Esseen argument for AIPW asymptotic normality with known nuisance functions only requires
cross-fitting and b,, to go to zero slower than n~'/2, so that thresholded AIPW should also be asymptotically
normal under appropriate error product conditions. However, it is unclear how the bias compares to sampling
error. In any event, this robustness intuition is useful, because I apply parametric nuisance estimators in the
application to right heart catheterization. Careful treatment of the parametric case is left for future work.

Before proceeding to apply clipped AIPW, I derive some rules of thumb for choosing a threshold.

4.2 Choice of Threshold

The theoretical analysis above provides conditions under which there is some sequence of thresholds for

which ATPW is asymptotically normal and centered around the true causal estimand. I now provide guidance
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for how to choose the threshold.
Input: Rate upper bounds 7, ,, and 7., (maybe null), data {D;, é;}7,
Output: Rule-of-thumb threshold b,

Function calculateRuleofThumb (7 n, Ten, {Di, & }iq):
if ¢s.null(r, ») and lis.null(7, ) then
| bn < Ten
else
A, lisnull(7yn)
A lisnull(Fe )
by, < supb : 0 >errorBoundDiff(b, 7y n,Ten, {Di;€i}iey, Aus Ae)
end
return b,,
Function errorBoundDiff (b, 7y p,Ten, {Di, €} 11, Apu, Aed:
Tum < ApTun+(1—A,)b
Tem ¢ Aefen + (1 — Ae)b
second moment + 1 3" m

error_bound fp,n% + Ty nTe,nVsecond moment
return error_bound — n~ /2

Algorithm 1: Rule-of-thumb for choice of threshold b,, given (possibly null) rate upper bounds 7, , and
Tun, to ensure that r, , < 7y n (or Tpun <K by if no bound is given) and re,, < e p (or re, < by if no

bound is given) is sufficient to achieve well-calibrated Wald confidence intervals.

I propose different rules of thumb based on whether the econometrician is willing to provide an upper
bound on the rate of convergence for the propensity estimate, the outcome regression estimate, or both. The
combined proposal is presented in Algorithm 1.

In practice, it is often relatively easy to identify an upper bound on the propensity rate of convergence.
For instance, if the propensity score is estimated with local polynomial regression of order /., then the
econometrician is implicitly asserting a Holder smoothness of some order S, > /., and a feasible consistency
rate of (n/log(n))Pe/(2fe+d) (Stone, 1982). In this case, the econometrician can safely conjecture that if
their estimator is well-founded, then it will achieve a global consistency rate 7., < p=te/Rtetd) and a
threshold of b,, = n~—f/(2letd) — “Pe,n,””. This rule of thumb is practical and the safest rule with respect to
outcome regression that does not impose stronger requirements on the propensity estimate, but also often
corresponds to a relatively slow consistency rate with relatively little power.

Three alternative rules of thumb target faster consistency rates and laxer propensity requirements. While
the main text focuses on black-box requirements on consistency rates in terms g, the proof goes through

showing b,, tends to zero slower than n_1/2, Ten <K by, and

Pe(X) < by)

T
D
\/EP [max{e(X),bn}Q]

D
+ r#7nre,n\/EP erx{e(X),bn}Q] <n 12 (Appendix Assumption 3’)
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In these alternative cases, I propose replacing b, in the right-hand side with the putative threshold b and r,, ,,
and 7 p in the left-hand side with predicted upper bounds 7, ,, and 7. , where feasible and with the putative
threshold b otherwise. This yields an empirical function error_bound(b). I then solve for the putative

threshold b where error_bound(b) crosses n~ /2.

The result is a threshold b,, aimed to target maximal
efficiency and minimal propensity consistency requirements, calculated without use of the outcome data or
direct knowledge of =y, and with the property that if the nuisance errors go to zero faster than the specified
upper bound (or estimated threshold), then the resulting Wald confidence intervals will be well-calibrated.
An interesting avenue for future work is whether there is a convenient choice of context-dependent constant

multiples in the error_bound function.

This rule of thumb is also always feasible, for example in the case of nonspecified upper bounds.

Lemma 1 (Well-defined rule of thumb). Suppose é € (0,1] and > D/é > 0. Let f,(b) be the error_bound
function with no upper bound nuisance rates given. Then there is exactly one by, such that limsup, ;- fa(d) <

0 <liminf, .+ f5(bn).

A rule of thumb with nonspecified rates seems particularly attractive, since it is an entirely data-driven
way to choose the AIPW threshold. However, in practice, a given outcome regression rate is more difficult
to achieve than a given propensity rate under weak overlap, so that rules of thumb with specified nuisance

rates is more appropriate for nonparametric outcome regression estimates.

5 Applications

In this section, I present simulated results for the clipped AIPW estimator as well as empirical results
from an application to right heart catheterization. I find that clipped AIPW performs well asymptotically,
producing near-perfect calibration of p-values with 100,000 observations, but exhibits some undercoverage in
small samples. When studying the right heart catheterization data, I find that the rule of thumb approach
increases the estimated harm of the procedure by 0.17 standard errors relative to the usual 10% trimming

rule, while increasing the estimated standard error by 5.1%.

5.1 Simulation Evidence

I now study the performance of the clipped AIPW estimator in simulations.
My simulation design is based on the design in Ma and Wang (2020). As in their work, I simulate data
with P(e(X) < 7) = 7"t and DY = kD(1 —e(X)) + D(e —4)/+/8, where ¢ | X, D ~ &2 is scaled to achieve

zero mean and unit variance. However, I increase v from 1.5 to 1.8 to ensure feasible outcome regression
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rates, set K = 2 rather than x = 1 to avoid coincidental offsetting bias of IPW lower and upper tails in small
samples, and reduce DY by kE[D(1 — e(X))] so that the true average potential outcome is zero. I achieve
this propensity distribution by taking X ~ Unif(]0,1]) i.i.d. and setting e(X) = X'/(0=1) T present results
for 5,000 simulations of increasingly large samples.

I estimate both the propensity and outcome regressions with five-fold cross-fitting. I use shrinkage cubic
splines and REML estimation, as implemented by the mgcv package in R. In this setting, Theorem 2 establishes
that kernel regression can achieve a pointwise rate of n=1/(3+1/(%=1) T conjecture that Tun K n~1/% which

is feasible if 7y > 1.5, and choose the clipping threshold b,, based on Algorithm 1.
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Figure 2: Histograms of point estimates in simulations for the various methods considered in the simula-
tions. Vertical dotted and solid lines indicate true causal effect and median estimate, respectively. Clipped
estimators achieve much better performance than unthresholded estimators, and clipped AIPW’s debiasing
property is also apparent.

I begin by summarizing point estimates in Figure 2. The unthresholded estimators are approximately
median-unbiased, but possess sufficiently heavy inverse propensity tails that the mean performance degrades
with increasing sample size. The clipped estimators perform much better, but the clipped IPW estimator

exhibits its known first-order bias. The clipped AIPW estimator exhibits less bias than the clipped IPW
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Figure 3: Histograms of simulated t-statistics on the true null hypothesis for various sample sizes. Vertical
solid and dotted lines indicate mean t-statistic and target mean t-statistic of zero, respectively. Dashed line
corresponds to the calibrated Gaussian density targeted in the Shaprio-Wilk test for normality.

estimator, and has slightly better performance in terms of mean squared error.

I find in Figure 3 that the clipped AIPW estimator’s t-statistics are reasonably well-calibrated. The plot
presents t-statistics on the true average potential outcome. The t-statistics of unthresholded IPW and AIPW
estimators are visibly non-Gaussian, and often exhibit a multimodal distribution. This poor performance is
unsurprising: unthresholded estimators are known to fail to be asymptotically normal in this setting. Both
thresholded estimators are known to be asymptotically normal in this setting when the propensity score is
known, and both the asymptotic normality and the clipped IPW estimator’s first-order bias are visible to
the naked eye, although the clipped IPW estimator also exhibits visible skew in small samples. I test for
t-statistic normality using a Shapiro-Wilk test. The test rejects normality for both clipped estimates. Still,
the clipped AIPW estimator’s violations are less severe by this criterion.

I find in Figure 4 that the clipped AIPW estimator’s p-values are well-calibrated in large samples. I use
Wald confidence intervals to calculate two-sided p-values on the null of the true average potential outcome.

If Wald confidence intervals are well-calibrated, then the simulated p-values on the true average potential
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Figure 4: Histograms of simulation p-values on null hypothesis of true average potential outcome for various
sample sizes. Dotted lines correspond to the target Uniform(0, 1) density. P-values in labels correspond to
Kolmogorov-Smirnov tests for the Uniform(0, 1) distribution.

outcome will be exactly uniformly distributed. The unthresholded IPW and AIPW estimators exhibit known
poor performance. The clipped IPW estimator exhibits overrejection even with large samples, as even oracle
clipped IPW would provide well-calibrated inference for a biased estimand. The clipped AIPW estimator
also overrejects in small samples, but the bias is less severe: with 1,000 observations, clipped IPW rejects
the true null in 12.0% of simulations, while clipped AIPW rejects in 8.8% of simulations. As the sample
size increases, the asymptotic calibration of Corollary 1 becomes apparent. With 100,000 observations,
clipped IPW rejects the true null hypothesis in 12.8% of simulations, while clipped AIPW rejects in 5.3%
of simulations. The Kolmogorov-Smirnov p-value on exact calibration of the two-sided test statistics for
clipped ATPW with 100,000 observations is 0.692. This is a remarkable result: despite the known extreme
difficulty of statistical inference in this setting, 5,000 simulated draws are insufficient to detect a meaningful
failure of Wald confidence intervals based on the clipped AIPW estimator.

In moderate samples, clipped AIPW can undercover due to the difficulty of outcome regression in this

setting. Figure 5 presents an example with 1,000 observations. It is rare to have treated observations with
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Figure 5: Simulated treated observations for one simulation of 1,000 observations. It is rare to see treated
observations with small X, which corresponds to small values of e(X) = X /(-1 As a result, such
observations can have high leverage when predicting E[Y | X = 0, D = 1], and can yield to important errors
between the true (dashed) and predicted (solid) regression lines.

small values of e(X). As a result, when such observations are treated, a small number of observations can
receive substantial leverage in outcome regression, and the predictions of E[Y | X = 0, D = 1] can be driven
by a small number of observations. In Appendix B (Figures 9 through 11), I conduct the same experiments,
but with the estimated outcome regression function replaced by the true outcome regression function. The
root-mean-squared error and failures of normality are comparable, suggesting these non-inferential patterns
are driven by propensity estimation and clipping. However, the two-sided p-values exhibit better performance
in small samples, and if anything slightly underreject with 100,000 observations.

In Appendix B (Figures 12 through 14), I show that these conclusions would largely carry through
if clipping were replaced by trimming. The notable differences are that trimmed AIPW exhibits slightly
better estimation performance in small samples, while if anything trimmed IPW is slightly worse; trimmed
t-statistics exhibit less severe violations of normality; and p-values based on trimmed propensities exhibit

more severe undercoverage for both IPW and ATPW.

5.2 Application to Right Heart Catheterization

I apply the clipped AIPW estimator to study the effect of right-heart cathterization (RHC) on survival.
This dataset was first analyzed by Connors et al. (1996), and is a common benchmark in the weak overlap

literature (Crump et al., 2009; Armstrong and Kolesar, 2017).
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Figure 6: Histogram of estimated propensity scores for treated (left) and control (right) observations in right
heart catheterization data. The plot is designed to parallel Figure 1 in Crump et al. (2009). Slight differences
reflect the use of cross-fitting.

I analyze a version of the dataset from Armstrong and Kolesdr (2017). The dataset is comprised of
5,735 adult patients, and the treatment D corresponds to receiving RHC within 24 hours of admission.
The target causal effect is the average treatment effect of RHC on 30-day survival. The data includes 52
covariates X (72 covariates if counting factor levels separately). I estimate the nuisance functions e(X) and
w(X) using five-fold cross-fitting. I estimate nuisance functions with logistic regression to align with Crump
et al. (2009)’s empirical application. I estimate standard errors by bootstrapping the procedure. I keep fold
assignment fixed in bootstraps to minimize the risk of over-fitting.

Crump et al. propose a weak overlap rule of thumb that estimates the treatment effect for the sub-
population with propensity scores between 10% and 90%. This rule-of-thumb trimming rule is chosen to
approximately minimize asymptotic variance. This strategy ensures asymptotic normality, but changes the
target estimand even asymptotically. By comparison, the clipped and trimmed AIPW estimators I analyze
have thresholds b,, that tend to zero asymptotically. As a result, the estimators proposed here are able to
target full population average treatment effect, potentially at the cost of increased variance. I compare these
procedures to the 10% rule and other fixed trimming rules using the same nuisance estimates.

I present the distribution of estimated propensity scores for treated and control units in Figure 6. The
figure is an analog of Crump et al. (2009)’s Figure 1. There is a meaningful density of units with estimated
propensities near zero, suggesting weak overlap. This pattern is similar to the findings of Crump et al.,
although there are slight differences, presumably due to my use of cross-fitting.

I compare AIPW estimators for various trimmed subsamples to the clipped AIPW estimator. I choose

the clipping threshold b,, through the no-specified-upper-bound version of Algorithm 1 because I estimate
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Figure 7: The value of error_bound(b) from Algorithm 1 for e(z) and 1 —e(x) thresholding with no specified
nuisance upper bounds, which corresponds to an error bound implied by 7, ,,7en < b,. The procedure
chooses b,, to set this function equal to n~1/2, which corresponds to the horizontal line. n~1/2 is indicated
by horizontal dashed line. The more favorable distribution of estimated treatment propensities allows for a
more aggressive clipping threshold.

both nuisance functions parametrically. I plot the functions used in choosing b,, in Figure 7. The estimated
lower clipping threshold is 0.068 and affects 10.5% of observations. The Crump et al. 10% rule of thumb
would exclude 16.3% of observations below. The estimated upper clipping threshold is 0.09 below one: there
are few observations with large estimated propensities, so the rule of thumb concludes there is no need
to trim observations with large estimated propensities. This upper threshold affects 1.4% of observations,
comparable to the 1.8% of observations excluded above by the 10% rule of thumb.

I present estimated effects and confidence intervals for various potential fixed trimming rules in Figure 8.
The 10% trimming rule yields an estimated reduction in survival rates of 5.79 percentage points among the
trimmed sample, with an estimated 95% Wald confidence interval of [-9.14, -2.43]. Other trimming rules
would yield larger confidence intervals, as expected because the 10% rule is chosen to roughly minimize
asymptotic variance over target populations.

I compare the fixed-trimmed-sample AIPW estimates to a clipped AIPW estimator that targets the full
population treatment effect. The estimated harm increases to -6.07 percentage points, a change of 0.168
standard errors under the 10% rule of thumb estimator. The clipped AIPW confidence interval of [-9.6,
-2.55], has a 5.14% larger width than the 10% trimmed sample interval. The clipped AIPW point estimates
are similar to the point estimates under a 1% or 5% trimming rule, but the associated confidence interval
is narrower under the full-population estimator. Part of the added width is driven by inverse propensities
among clipped observations: if I used a trimmed, rather than clipped, AIPW estimator, the estimated effect

would move by 0.256 standard errors, and the standard error would only increase by 0.54%. However, the
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Figure 8: Estimated effects (solid line) and 95% confidence interval (shaded region) for ATPW applied to
various trimmed subsamples. Estimate and confidence for clipped AIPW is represented by the dashed and
dotted horizontal lines, respectively. Clipped AIPW produces similar estimates and standard errors as the
clipping procedure while targeting a more interpretable estimand. A threshold of zero is omitted from the
graph because the resulting confidence interval of [-568.8, 581.3] would make the graph difficult to read.

simulation results of Section 5.1 suggest that trimmed AIPW may slightly undercover.

Taken together, these results illustrate that under weak overlap, targeting the causal effect within the full
population need not come at a large precision cost. In this application, clipped AIPW with a rule-of-thumb
clipping rate yields similar estimates to estimators that target a fixed trimmed sample, while targeting a

population that is often more relevant and adding only a small precision cost.

6 Conclusion

This work shows that standard Wald confidence intervals for clipped AIPW can achieve target coverage
for standard causal effects under plausible conditions. I provide sufficient conditions on nuisance regression
rates for clipped (or trimmed) AIPW to be uniformly valid over distributions with even very weak overlap.
I use these theoretical results to derive new rules of thumb for choosing a threshold. I find that Wald
confidence intervals perform well in simulations, especially in large samples, and can achieve comparable
precision to a fixed 10% trimming rule in practice.

These results can be extended in many interesting directions. This work exploits Neyman orthogonality to
achieve standard statistical inference in the presence of a small region of irregular identification. Sasaki and
Ura (2022) and Ma et al. (2023) propose estimators for ratio estimands beyond IPW; the arguments here are
likely to extend to their more general framework. Issues of weak overlap hold for inverse propensity and other

importance sampling estimators in settings like difference-in-difference estimation (Callaway and Sant’Anna,
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2021) or statistical inference for parameters that are identified at infinity (Andrews and Schafgans, 1998;
Khan and Nekipelov, 2024); the results and rules of thumb here can likely be adapted to those settings.
Semenova (2024) applies thresholding strategies to intersection bounds, where at a high level a margin
condition plays the role of the minimal overlap bound here. Perhaps similar ideas could apply to other forms
of irregular identification. The regression analysis in Section 3.3 may also extend to estimating the effects
of continuous treatments.

The results here suggest that thresholded AIPW is a viable alternative to fixed-trimming rules. I provide
rules of thumb that enable practitioners to easily report results that target the population average effect.
When, as in my empirical application, the fixed-trimming and sequence-of-thresholds approaches yield similar
causal conclusions, then there is strong evidence that causal conclusions are driven by causal effects, and not

how the researcher treats observations with extreme propensity scores.
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A Key Technical Assumptions and Claims

I make use of the following assumptions.

Assumption 3’. Assumption 2 holds, with the following rates on the regression error r,, ,, and the propensity
error r. ,, for any sequence of P(n) € &:

(a) Consistency. vy, n,Ten — 0.

(b) Product of errors. mmrem\/ﬂ*]p(n) [W} < n-12,

P(n)(e(X)<bn) o p—1/2,

(c) Regression error near singularities. T, ,, =
\/IEP(’” {max{evbnﬂ]
(d) Asymptotically known thresholding. re ., < by.

These conditions adapt to the distributions in the sequence P(n).

The conditions of Assumption 3’ are weaker than the more interpretable conditions in the main text.

Corollary 6 (Sufficiency of Assumption 3’). Suppose Assumptions 3, 4, and Assumption 4(i) hold and let

p >0 be given. Then Assumption 3’ holds.

AIPW

aip - (bn) is first-order equivalent to the oracle clipped

I will show that the feasible clipped estimator 1&
estimator 1;6401 TIZ Z‘{e)(bn). The oracle clipped AIPW estimator is asymptotically normal by the trimmed IPW
arguments in Ma and Wang (2020). By construction, the oracle clipped AIPW estimator is finite-sample

unbiased. The following asymptotic normality follows as a result.

Proposition 4 (Oracle asymptotic normality). Suppose b,, satisfies n='/? < b, < 1. Then the oracle

clipped AIPW estimator has uniform convergence to a normal distribution in the sense that

=0.

limsup sup sup

n—oo PEP teR On

TAIPW —
P (w(o’“acl@(b") VP) < t) - ()

Proposition 4 will be an extension of the following claim. In addition to this modified theorem, Theorem 1
replaces the oracle standard deviation o, with the estimated standard deviation &,, when constructing t-

statistics.

Theorem 1’ ((Slow) Asymptotic Normality). Suppose the conditions of Theorem 1 hold, and P(n) is a
sequence of distributions P € &. Then o,,! ( Aﬁffw (bn) — 1/1n> F) N(0,1), where o,, is the oracle standard

deviation defined in Proposition 4.

Next, I describe the key new results for nonparametric regression. This result shows that in nonparametric

regression, if the propensity function is sufficiently smooth, then nature cannot severely concentrate treated
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observations within a given bandwidth of any point. The non-concentration ensures that the eigenvalues of

the local polynomial regression matrix are nondegenerate.

d
Yo—1

Proposition 5 (Non-trivial concentration). Suppose Assumption 6 holds and there is an L > 0, 5, >

such that P(D =11| X) € ¥(Be, L) for all P € &. Then Assumption 7 holds.

Note that de—l is also a key parameter in Mou et al. (2023). A broader connection is outside the scope
of this work.

The next result presents the main construction involved in avoiding a polylogarithmic penalty under weak
overlap. The claim iteratively constructs a sequence of minimal bandwidths and gridpoint counts that ensure
that no more than m!” gridpoints T, j can have nE[D1{||X — z,, ;|| < h}] = h=2% solved by h < A and
that each k can contribute at most half as much as the previous iteration to the polylogarithmic penalty.
Here, I show that if the first set is expansive enough to incur what I later show is a polylogarithmic penalty

bounded by log(d), then if § is at least some large, but finite, number, then this iterative process eventually

covers all gridpoints.

Proposition 6 (Inductive grouping). Let 5, > 0, vo0 > 1, d > 1 be given. For any é > 1, inductively
construct a sequence of h and m as follows. Take hg,l) = n* %5 Then forall k =1,2,..., inductively
—1
)\ —2Bu (k)\ Yo—1 L +d 10
define m%’“) = exp (2_’“6 (Zg)) ) and hgﬁl) = (n (mg ) )% e . Then there is a § > 0 and

a € (0,1/42P4] such that if § > &, then ey m%’“) = 00, and for all k > 1, hglk) < hg)wk_l,

B Other Simulation Evidence

In this section, I presented simulated evidence for trimmed estimators.
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Figure 9: Histograms of point estimates in simulations for the various methods considered in the simulations,
but using the oracle p regression function instead of the estimated ji regression function.
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Figure 11: Histograms of simulation p-values on null hypothesis of true average potential outcome for various
sample sizes, but using the oracle y regression function instead of the estimated i regression function.
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Figure 12: Histograms of point estimates in simulations for the various methods considered in the simulations,
but with trimming instead of clipping.
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Figure 13: Histograms of simulation t-statistics for various sample sizes, but with trimming instead of
clipping.
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Figure 14: Histograms of simulation p-values on null hypothesis of true average potential outcome for various
sample sizes, but with trimming instead of clipping.
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C Proofs

The proofs, including proofs of the claims in Appendix A, are split into sections showing asymptotic
properties of oracle clipped AIPW (Appendix C.1), consistency of estimated clipped AIPW (Appendix C.2),
and black-box consistency rates (Appendix C.3). Note that Appendix C.3 is out of order from the perspective
of the main text and corresponds to claims in Section 3.1, but Proposition 3 is used to show claims that
appear earlier in the main text. Appendix C.4 presents proofs for the main claims: the black-box asymptotic
properties of estimated clipped AIPW. Finally, Appendix C.5, Appendix C.6, and Appendix C.7 prove claims
about black-box nuisance rates, outcome regression rates, and rules of thumb, respectively.

Additional Notation. In these proofs, I use P(n) to refer to an arbitrary sequence of distributions
for the purposes of computing suprema; for such sequences, I use 1, = ¥(P(n)) to denote the sequence of
average potential outcomes. I use P, [¢,] to refer to the average of ¢,, over n draws from P (sometimes abusing
notation and including nuisance functions in ¢, ), and I use Plc,] to refer to the expectation of ¢, over P.
This can occasionally lead to unfortunate notation like P(n),, (E,) for a sequence of event probabilities under
a sequence of distributions. I write lim,_, .+ f(z) and lim,_,,- for the right- and left-hand limits of f at z.
I write ¢, = op(y)(1) if for all § > 0, P(n)(|ca|/d, > ) — 0, and if no P(n) is defined, I use ¢, = op(yn)(dy)
to mean that for any sequence of P(n) C &, ¢, = 0p(n)(dy). 1 write ¢, = Op(y)(1) if for all € > 0, there
exists a ¢ > 0 such that P(n)(|c,|/dn > §) < €. If there is a sequence of distributions to be considered,
then I use o(d,) and O(d,) to implicitly refer to op)(d,) and Op(,)(dy). 1 write that c, i N(0,1) if
sup;cp |P(n)(c, <t) — ®(t)| — 0, where ® is the standard normal cumulative distribution function; I write
that ¢, = pm) ¢ if ¢, —c = 0p(ny(1); and I write that c, 2, ¢ if for all sequences of P(n) € &, ¢, = pn) C-
I write ¢, = ©(d,,) if there exists a k1, ko > 0 such that P(n) [c,, € [k1dn, k2dy]] — 1, and I write ¢,, = Q(d,)

if there exists a k; > 0 such that P(n)[c, > kid,] — 0.

C.1 Oracle Normality

Proof of Proposition 1. For (i), it is known that the efficiency bound is n ! (Var(u(X)) +FE [%])

(Hahn, 1998). By Assumptions 1(a) and 1(b), Var(u(X)) and Var(Y | X, D = 1) are uniformly bounded
above. It therefore only remains to show the standard condition (Newey, 1994; Hahn, 1998; Chen et al.,
2008) that suppc 4 Ep[l/e(X)] is bounded above:

Ep[1/e(X)] = /Ooop (6(1X) > t) dt
:/OOOP(e(X) <1/t)dt
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= 1+/OOP(6(X) < 1/t)dt
1
<1+ /oo Ct=hHr~tat (Lemma 2)

:1+C/ th=roqt
1

C

:1_’_77
Yo — 2

which is finite.
(ii) holds by extension of Khan and Tamer (2010) Theorem 4.1. In particular, note that by Assump-
tion 1(c), Var(Y | X,D =1) > o2, > 0, so it only remains to show that Ep [1/e(X)] is infinite:

min

Ep[l/e(X —1—|—/ P(e(X) < 1/t)dt

21+C’/ thdt = o
1

O
Lemma 2. Define Ty, = % Then infpec g P(D =1) > min > 0.
Proof of Lemma 2. For any P € &,
P[D=1]= / P(e(X) > t)dt = /P <tdt>/Ct'Y° Ldt = o
0
O

Lemma 3. Assume b, — 0. Then for all large n, the following inequalities hold throughout 2:
(i) P(e(X) > Tmin/2) > Tumin/2
(ii) Ele(X)/{e(X) V b }?] = Timin/2
(iii) E[|¢n — Ep(n)[¢n]|?] < (AM)TE[e(X)/{e(X) V by }?]/bf 2
(iv) Ell¢n|?] < (8M)E[e(X)/{e(X) V ba}?]/b%~>

Proof of Lemma 3. 1 take these proofs one at a time.

(i) Start from the following inequalities:

Tmin < Ele(X)]
= E[e(X)1{e(X) < mmin/2}] + Ele(X)1{e(X) > Tmin/2}]

< (Tmin/2)[1 — P(e(X) > mmin/2)] + P(e(X) > Tmin/2)
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< 7"-min/Q + P(@(X) > 7Tmin/2)

Subtracting mmin /2 from the far left- and right-hand sides of this inequality gives the desired conclusion.

(ii) If by, < Tmin/2 (which happens for all large n), then:
Ele(X)/{e(X) V ba}?] > E[1/e(X)1{e(X) > bn}] > P(e(X) > by) > P(e(X) > Tmin/2) > Tmin/2-
(iii) By Jensen’s inequality:

Ell¢n — Ep[dnll”) < 277 (E[1(X) = Epgy [n(@)]7] + E[[Y — p(X)|“D/{e(X) V b, }7])
< 2971 (27E [ (X)) + E[E[Y — u(X)|? | X, D = 1]e(X)/{e(X) V b, }7)
< 2071297 - 29R[E[|Y|? | X, D = 1]e(X)/{e(X) V b, }7])
<2971 (29 M 4+ 29 ME[e(X) /{e(X) V b, }? x 1/{e(X) V b, }17?])

<2771 (20M7 + 29 MU E[e(X) /{e(X) V b }?]/0472).

Since Ele(X)/{e(X) V b, }?]/b472 > Tpmin/20972 — oo by Item (ii), I may further bound the above
quantity by 229MYE[e(X)/{e(X) V b2}]/b%~2 once n is large enough.

(iv) By Jensen’s inequality:

El|¢n|*] = Ellén — Ep(n)én] + Epgn)énll’]
<27 NE[|pn — Ep(n) [9n]|Y] + [Epm)dn]|?])
< 271 (AM)E[e(X) /{e(X) V b }]/b57% + 277 Ep( [1(2)] | (Ttem (iii))
<2771 (AM)Ele(X) /{e(X) V b, }? /b27%] + 29 E[E[| Y] | X, D =1]] (Jensen)

<297V (AM)IE[e(X) /{e(X) V by }2] /682 4 2971 M.

As before, since E[e(X)/{e(X) V b,}?]/b4~2 — oo, the first term in the upper bound is eventually
larger than the second and I may bound the whole expression by (8M)E[e(X)/{e(X) V b, }?]/b% =2

once n is large enough.

Lemma 4. Let c¢(y) = 77_10_1/(7_1) > 0. Then for any P € &, I have:

Eple(X)1{e(X) < bn}] > e(y)P(e(X) < b,)/ 070, 3)
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This lower bound is attained when P(e(X) <t) =71

Proof of Lemma 4. Let p = P(e(X) < b,). If p = 0, then the bound holds trivially so I will assume

throughout that p > 0. Then I may write:

oo by bn
Eple(X)1{e(X) < b,}] = / P(e(X)1{e(X) < by} > t)dt = / P(t < o(X) < by)dt = / p— P(e(X) < t)dt
bn . Y1 B C P\ 7T p\>1) _ v/ (=1
= bup = | min{p, Ct"~ " }dt = bup — <,y) (5) —bap+p (5) = c(y)p?/ 7Y,

This proves the lower bound. When P(e(X) < t) = t771 a direct calculation gives Eple(X)1{e(X) < b,}] =
(v = 1) /762 = [(v = 1) /7] P(e(X) < b,)?/ (=1, Therefore, the lower bound is also sharp. O

Lemma 5. For any P € &2,

Varp(é(Z | ba,n) = oninEp [e(X)/ max{e(X), b, }?]
> Uern[C(V)P(e(X) S b7z)7/(771)/b31 + 7Tmin/2]

> 02 Tmin/2 > 0.
Proof of Lemma 5. For the first line:

Varp(¢,) = E[Var(¢, | X)] + Var(E[p, | X]) = E[Var(¢, | X)]

=B [EIY - HOOP 1 XD = g0 = ol | o Vg |

Since Definition 1 implies e(X) > 0, Varp(¢,) > 0.

For the second line, T assume n is so large that b,, < mpmin/2. Then:

Ele(X)/ max{e(X), b, }?] = E[e(X) /b5 1{e(X) < b, }] + E[1/e(X)1{e(X) > b,}]
> Ele(X)/b21{e(X) < by} + P(e(X) > by)

> Ee(X)/b; 1{e(X) < bu}] + Ple(X) > min)

> Ele(X)/b21{e(X) < by} + Tmin/2 (Lemma 3.(i))
> () (1/bn)*Pe(X) < b)) 07D 4w /2. (Lemma 4)
The final line is immediate. O

1

L 6. 1 < )
A e (@) — Vo humEr () [D max(e(X) bn 7]
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Proof of Lemma 6. By Lemma 5, I have:

ot < V2 \J02 Epi D/ max{e(X), by},

where 0,1 = nil/Z/\/Varp(n)(an). O
Lemma 7. Define ¢(Z | b, P) = ¢(Z | b,n(P)) — Ep[u(X)] for P € 2. Further define p(b, P) = Ep[|¢(Z |
b, P)|?] and o (b, P) = \/Varp(qg(Z | b, P)).

Then the following hold:

1. Ep[g(Z [ b,P)] =0
2. 0(b,P)>0
3. p(b, P) < 0o (though it may be arbitrarily large)

4. Ifb, be a sequence of positive real numbers such that n=/? < b, and P(n) be a sequence of distributions

; (bn,P(n)) —
m gz, then m = 0(1)

Proof of Lemma 7. Ep[¢(Z | b,, P)] = 0 is immediate.
Varplé(Z | b, P)] > 0 follows by Lemma 5.

For the third moment being finite:

p(b, P) =Ep[|$(Z | b, P)P’] < 8Ep [|u(X) — Ep[u(X)][* +b7°Y — u(X)|?]

<O(M9) +16b°Ep [|Y]*].

This is finite (and O(b=3)O(MY)) by assumption.
Finally, I have the claim for sequences. Recall that by Lemmas 5 and 3, m = o(1) and
EP(n) {maX{eg(),bn}2j| mm/2 As a result:

oo P _ Eron [RRLAI - |u(X) — By [w(X0)
o (b P()B /0 = o (b ()P
EP(") |:max{e X),bn}? :| O(Mq)

610 (b ()1 (b P(m)Pr/m

—1/2
=0(M1, gfnin)Ep(n) [nm{e(DW] (bin)fl/z +o(l)=0(1).

<OM1)
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Proof of Proposition 4. Let P(n) be a sequence of distributions in &?. By Lemma 7 and the Berry Esseen

TAIPW _ 5
Theorem, the difference between the CDF of oracle clipped AIPW t-statistic R = ety
on \/Var(qb(Z\bmn))\/ﬁ
3p(bn7P(”))

and the standard normal CDF & is uniformly bounded above by W IR By Lemma 7.4, this difference

tends to zero. Therefore:

= limsupo(1) = 0.

n—oo

lim sup sup sup

n—oo PeP teR On o

T AIPW _
P <¢(Oracle)(bn) 1/’(P) < t) _ (b(t)

C.2 Consistency

Lemma 8. Under cross-fitting, I have the bias bound:

< rlhnp(n) (e(X) <b, + Te,n) + Tu,nre,nE |: P

[E [d4077 (ba) = ] | e

Proof. Fix one fold and take 1(~%) and é(=*) as given. I write the bias relative to oracle clipped AIPW as:

= (1 )+ 0 (e~ wea)) =L (- )|

with the equality following by cross-fitting.

For p = 1,2, let ¢, ), solve:

| max{cy, p, by }P — max{cy p — Ten, bn }7| _ | max{cy, p, by }P — max{cy p + Te.n, bn }7| . )
max{cnp — Te,ns bn P max{cn p + Te,n, bn P
cn,p is useful because it is the changeover point between whether the worst-case € is above or below e. Note
that ¢, p € (bp, by + ren) by the intermediate value theorem: when ¢, , = by, the left-hand side is zero,
while when ¢, , = b, + ¢, the left hand side has the smaller denominator but equal numerator.
¢na is useful, because when e(X) = ¢, 1, é(X) = e(X) — ren and é(X) = e(X) + re,n, produce equal
levels of observation-wise bias from clipped inverse propensities relative to unity.

Then I have the bound:

+ ‘JE [(ﬂ - u)mue € (by — 7'67"73",1]}] | é,ﬂ’
+ ‘E [(ﬂ - H)ml{e € (cn1, by + rm]}] | é)ﬂ'
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max{é, b,} —e

+ B [ Mt )

1{e > b, + re,n}} | é, i

b — .
< ‘E [Tu,nl)el{e < b, — Te,n}:| | 2

+|E |7y p—en
“""6+7‘m

e—b,

+|E [run

n

N Te n A
I L 1{e>bn+re,n}} &5
e—Ten

<runP(n)(e(X) < by +7en) +Tunrenk [ 1{e > b, +rent|
e

- Te,n

where the final line follows because 7, ,, is always multiplied by a term that is bounded above by one for all

e(X) <bp+ren. O

Proof of Proposition 2. Let P(n) be a sequence of distributions in &, and fix some k € 1,..., K.

Write Aﬁ{ppw( n) = % Dk g}{f,fv( n), Where Aﬁ{;’,r/ (bn) is the fold—k average potential outcome esti-

mate. I will show that wﬁfpf’,gv(bn) — Yn = 0p(n)(1).

First I show that E [ Ag}{]f,fv(bn) — b | fF), é(fk)} = 0p(n)(1). This holds by the assumptions of Propo-

sition 2 applied to the bias bound from Lemma 8:

1{e(X) > by +7en
e(X)—ren

B [D4E1 (50) = wn | 9,670 | < Crn (b + 7)™ + 1o B

Te,n+tbn
by,

Ifrun — p(n) 0, then this term is op(,,)(1) because 7, and 7, + by, are bounded above by Assump-

Te,ntbn
bn,

tion 2, and at least one of the two terms must tend to zero because b, —p(,) 0 and 7, 5, —pn) 0.

mln{'yo 2 (]}

Suppose T¢ P(n) 0. For the first term, ru’n(bn —l—re,n)w_l —p(n) 0 because 7, ,, is bounded

above and 7 > 1. For the final term, suppose that vy < 2, so that the claim is not immediate. Then:

c—1/(vo-1)

1{e(X b, en 1, _ _ _
EP(n) {e( ) - tr } C(b + e n)’Yo 1bn1 + C(’YO - 1)/ (t — T, n) 1t’YO th
e(X) bn+Te,n ’
c—1/(vo-1)
< C’(bn + Te,n)%_lbgl + C(’yo _ 1)/ (t _ Te,n)%_?’dt
bn+Te,n

1
< C(b, + 7“67”)70_1();1 +C(v — 1)/ 2 3dg
bn
— by +renyo byt + C00 =Y o2y
2=

10) b0~2 4+ 20779 b,

=0 (b (1+51 7)) =0 ?),
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H{e(X)>bn+re,n}

so that 7c , Ep(n) [ e(X)—r

= 0(1). Note that this bound may be lax. Whether the propeunsity rate
requirement could be weakened is an open question for future work. Regardless, in this remaining case under
the propensity rate requirement (i), 7y, n7e nb 25, — P(n) 0 by construction of d,,, so that the final term of

the bias bound tends to zero.

Next, I show that V(4770 (b,) | 4%, 6R)) = 0p(,(1). T have:

clip,k
DY — ) \*
V@i (bn) | A, 600) <n IR K%” nx{b}) | ”]
< 8n~'p72 (Lemma 3.(iv))

= o(1).

clip,k

Therefore E {( AIPW (b)) — wn) | ﬂ(k),é(k)} = 0p(n)(1). Therefore, for all € > 0, every § > 0, and

. 2
every sequence of P(n), there is an n large enough such that P(n) << Q{;,ZV (bn) — 1/Jn) > 62) < §. Thus,

consistency holds. O

C.3 Degradation of Consistency Rate

Proof of Proposition 3. Define o2, = suppc »supx p Var(Y | X, D). By the presence of ¢ > 2 moments,
O ax 18 finite.
By Lemma 5, Ep(,) [W} -+ 0.

By iid sampling and the oracle AIPW conditional mean being equal to p(X), I obtain:

Varp) (Wo’ﬁ%(bn)) - n71VarP(n) (1(X)) = Ep(n) {VaTP(n) (ﬁ()ﬂi‘é‘l]fz)(b") | {X})}
) i D(Y — (X))
_ -1 T AL
=N EP(’VL) _VG,TP(’IL) <max{e(X), bn} | X

[ Y — (X
= TlilEP(n) _G(X)VCLTP(”) <mgux{e(l;§)71))i} | X, D= 1):|
1 [ Var(Y | X,D =1
=n EP(n) -e(X) ma(x{e|(X),bn}2 ):|

=0 (n_l]EP(n) [rrm{e(DX),bn}?D .

In addition, n*IVarp(n) (X)) <n M =0 (n’lEp(n) [WD, proving the claim. O

Proof of Corollary 3. Let n be large enough that b, < 1 and b)°~2 > 2. Recall the definition of o2,  from

max

the proof of Proposition 3.
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For the upper bound, let & be arbitrary:

DY — u(X))
max{e(X), b, }

o2 —n"War(p) =n"Varp <,u(X) +

) —nWarp(u(X)) = n~ Ep [ DY — p(X))* ]

max{e(X), b, }?

IA

n-1 Dol s — 2 e(X) —nlg2 - e(X)
Ep [max{e(X),bn}Q} max PP [max{e(X),bn}Q} max/o P (max{e(X),bn}2 = t) dt
=n"lo? / P (e(X) < bp,e(X) > tb?) dt+n—1afnax/ P(e(X) > by, e(X) < 1/t)dt
0
bt bt ’
:n—lgfnax/ P (e(X) € [tb2,by]) dt+n—1a§m/ P(e(X) € [by,1/t]) dt
0 0

1 -1
n

=n"lo? /b" P (e(X) € [th?, 1/t]) dt < n~'od . P(e(X) <1/t)dt
0 0

bt Co?
< Cn~lo? / ti—vogy = Zmax n_leO_Q.
0 Yo — 2
——

o
For the remaining term, n='Var(u) = O(n™") = o (C'n" b0 2).

For the lower bound, define & = {P}, where P is the distribution which draws e(X) from the CDF
Pe(X) <7) = (1 = i) min{Cr° 1 1} +mpin1{mr > 1} and Y | X, D ~ N(0,02,,). This distribution has
valid conditional moments and residual variance by the minimal value of M and the choice of Var(Y | X <
D). The treated fraction is at least 7y, > 0. For all 7 < C~(0=D P(e(X) < 71) = (1 — @pin) O~ <
Cro~L: for all 7 > C~1/(0-1), P(e(X) < 7) = (1 — Tmin) + Tmin1{m = 1}, which must be below Cr70~1
for all such 7 in order for & to be non-empty. Finally, note that:

o2 —n"Warp(p) =n"'Ep [

o

D(Y — u(X))?
max{e, b, }2

o (1 = Tnin) (0 — 1)t~ 2dt

= n_lafnin + fbln %(1 - Wmin)(70 - 1)Ct7072dt

Tmin
b 2(1 — i) (70 — 1)C fo”" Fro—1 44

=N "Onin —+ (1 — Wmin)(’yo — 1)0 fbln t70_3dt

Tmin

21 = ) O (2250 + 32

2—70

+ Tmin — (1 - ﬂ-min)cg(l;(l)

Y —1 Yo —1 —1340—2
Z Jl’zllinc 1- Tmin ( + > n b;Ylo .
( ) Yo 2(2 — )

c
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Note also that C” > 0. Thus, C"n='b)°"2 < suppcp 02 — Varp(u(X)) < C'n~1b7°~2. Analogously to

before, n='Var(x) = o (C"n~'b7°~?), completing the proof. O

C.4 Asymptotic Normality and Rates

Lemma 9. Suppose the conditions of Proposition 4 hold and let P(n) be a sequence of distributions in 2.

Then, Ep [ =0 (1+b)p2 log(l/bn)l{%_Q}), with a constant that only depends on C and

D }
max{e(X),bn }?
7o-

Proof of Lemma 9. Let P(n) be given. Then:

e e 5ap) = 5 e (0) < B o) = [, P (eerrmg > )

= /000 P(n) (max{e(X),b,} <1/t)dt =1+ /100 P(n) (max{e(X),b,} <1/t)dt

1/b7L b;I
— 14 [ Plo) (max{e(x), b} < de <140 [ i
1 1

First, suppose 7o = 2. Then Ep,, [W} <14 C(log(1/b,) —1). Alternatively, suppose vy # 2.
D c _
Then Ep(y) [max{e(x)’bn}z} <14 S5 (1-bp?). O

Lemma 10. Suppose the conditions of Proposition 4 hold and P(n) is a sequence of distributions in .

Then
1 1

\/ Er(r) [ mast2nTe }2} V Lt b 2 P(n)(e(X) < by) 0/ G0

Proof of Lemma 10. For any m > 0, define &,,, = {P € & | P(e(X) < b,) < m). For each n, define

my, = P(n)(e(X) < by)10/(o=1),

I have:
D D1{e(X) > b,} D1{e(X) < b,}
Ep|— | = Ep |2\ Q) 2 0n | | g, | Z2AAR) =00 )
P, ”[max{e,w} PP P[ max{e by ] " A
>1+ sup b, °Eple(X)1{e(X) < by}]
PEPmy,n
>1+c(y) sup Ple(X) < by,)0/00=D (Lemma 4)
PEPmy,n

=1+ ¢(70)by; 2me/ (o=,

Therefore (14 b,2P(n)(e(X) < bn)“’f’/(%’l))2 =0 (]Ep(n) [WD Taking the square root and

inverting both sides completes the proof. O
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Proof of Corollary 6. The two changes are the product-of-errors term being stated as 3’(b) and the regression-
error-near-singularities term being stated as 3’(c).

I begin with the product-of-errors term (b). Suppose Assumption 3(b) holds. I wish to show that if
TunTen (1 4 p(0=2)/2 log(l/bn)l{wzz}ﬂ) = o(n~1/2), then rmnre,n\/Ep(n) [m} - Op(n)(’nfl/z),

Let o > 0 from Assumption 3 be given. By Lemma 9, for all a > 0,

D
—0 (10-2)/2 1{n0=2}/2)) = o(n-1/2
m,nrm\/ Ere [max{e(X), b%}} ) (e (180072 10g(1/5,) )) =otn™7%).

Next I consider the regression error near the singularities term (c). I first verify (c) for a sequence of
P(n) € & under Assumption 4(i). Let a sequence of P(n) € & and b, be given, and consider an arbitrary
sub-sequence. If there is a further sub-sub-sequence with P(n)(e(X) < b,) = 0, take this sub-sub-sequence
and the claim holds. If not, take a sub-sub-sequence with P(n)(e(X) < b,) > 0. On this sub-sub-sequence,

I have the bound:

b
max{e, by, }2

D1{e € (bn/2,by]
max{e, by, }2

] > Epm) [

1
> mP(n)(e € (bn/27 bn])

. an (P(n)(e < bp) — P(n)(e < bn/2))

5 P < bu). (Aosumption 4(1)

Ep(n) {

v

Then, applying Assumption 1(d),

1/2

< <

ppa POEX <b) (anP(n)(e < bn)) <. J%¢ rpnb10/2 = o(n~1/2).
E D P p

\/ P(n) [max{e,bn}2]

Finally, T verify (c) assuming Assumption 4(ii) holds. I wish to show that if there is a sequence of

P(n) € & and associated constants such that rmbglom - o(n*1/2), then Tﬂvn\/P(n)(E(XKbn) ] = o(n*1/2)-
Ep(n) W

Under somewhat weak overlap (7o > 2), then

P)(e(X) <bd) _ (rpnbo™1) = 0 (m,nbi(%_1)/7°+(73+2_37°)/%) — o(n~1/2),

Tumn
\/EP(”) |:max{€,bn}2:|
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I therefore proceed for vy < 2. I will use the bound from Lemma 10:

P(n)(e(X) < bn) P(n)( (X) < bn)

Tun <Tun
2 /Go=1)
\/]Ep(n) (2] V1 622 P(n)(e(X) < b,)0/ (o=

Consider a sub-sequence of P(n) € & and constants. I will show that there is a further sub-sub-sequence for

= “RHS”

which this right-hand side RH S is o(n~/2). Suppose there is a sub-sub-sequence such that b, 2P(n)(e(X) <

bp)70/(0=1) 5 0. Then for that sub-sub-sequence, I have:
RHS <r,,P(n)(e(X) <b,) =ryn0 (bi('yo—l)/'yo> — o(n~1/2).

If not, then b2 < P(n)(e(X) < b,)"/(0=1) and I have the bound:

RHS < O (ryubn P(n) (€(X) < by)1 770/ 0010
= O (runbn ( (6(X) < by) W21/ 0-1)))
=0 ( (e(X) < bn)%/(%—n)(”"2)/(270))
=0 (Tu,n (vo— 2)/(270)) -0 (ru)nbi(%—l)/%) — o(n1/?).
Therefore Assumption 3’(c) holds. -

Lemma 11. Suppose the requirements of Theorem 1° hold. Then by implication, r, ,P(n)(e(X) < by) <

n1/2\/EP(n) {ﬁ}

Proof of Lemma 11.

_ P(n)(e(X) < by) \/ b
PR =0 = e Epm) | axte
[tV T

< n-1/2 \/Ep(n) LMX{SW} (A3'(c))

Lemma 12 (Oracle consistency). If n=/2 < b, < 1, then |Py,[¢n] — Ep(n)[u(2)]] Z0.

Proof of Lemma 12. Let P(n) be a sequence of distributions in &. For any ¢t > 0, I have:

E[|¢n — Epn)[1()]]°]

nt2

P(n) (IP(n)nldn] = Epgm [u(x)]] > t) < (Chebyshev’s inequality)
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E[M’n - EP(”) [¢n]|q]2/q
N nt2
< [(4M)IE[e(X)/{e(X) vV bn}2]]2/q
B thbi(q_”/q
(4M)? 1
2 nb2’

(Jensen’s inequality)

(Lemma 3.(iii))

<

This upper bound tends to zero and holds simultaneously for all P € &2. Hence, |P(n),[¢n] —Ep(y[u(z)]] =

Op(n)(l). O

Lemma 13 (Oracle variance consistency). Let 02 = n=Y(P,[¢2] — Pnl¢n]?) be the oracle sample variance.

If n=Y? < b, < 1, then no? /Varp ) (én) Z 1.

Proof of Lemma 13. Let P(n) be a sequence of distributions in .

First, I argue that for any ¢ > 2:

(Markov inequality)

([

> t) E{|P(n).[¢3] — P[#2)|"/%}
tQ/2Va/rP(n) (¢n)Q/2

2 E{|¢2 — Pl ]I‘Z/Q}]
= t4/2pa/2-1 VarP(n)( )
24/2+1 [|¢n| }
< /209271 Var p(,) (¢n)1/?
20/241 (SMIE[e(X)/{e(X) V by }?]
T 9209271 B2 (Varp,y (6,)) 972
20/241  (SMIE[e(X)/{e(X) V by }?]

(von Bahr-Esseen inequality)

(Jensen’s inequality)

(Lemma 3.(iv))

< L 5

= T T Ele(X) He(X) Vb0 (Lomma )
q9q/2+1

(a2 ! (Lemma 5)

= 20T (i D)2 i1

Since b, > n~1/2, n?/2-1p4-2 5 o, so that ‘% = op(n) (1)
Then, by the triangle inequality:
P(n)nldn]? — Plon]?| | | P(n)alon] — Pl7]
2 n
V. -1/ <
o/ Vorrn(a} = 11 < ’ Varpy(6n) || Varpay(@n)

<[P (n)n[bn] + Pldn]| X [P(n)n[dn] — P[%H/(U?nin”min/z) + OP(n)(l)
(Lemma 5 + above)

< (2M - 0p(ny(1))opn) (1)Opm) (1) + opm)(1) (Pl¢n] < M + Lemma 12)

= opm)(1),
where o2 is the oracle sample variance. Therefore, this upper bound tends to zero uniformly over &2. O
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Lemma 14 (Orthogonalized inverse propensities). Suppose the conditions of Proposition 2 hold, b, is a

sequence such that by, > 2r. , for all n large enough, and P(n) is a sequence of distributions in &?. Then

s (st~ e | =2 (o ]

2
Proof of Lemma 14. Write (I) = Ep(y) [(maxg 5y~ D ) } Since ¢, <K by, let n be large enough

max{e,b, }

that b, > 27 ,, so that e > b, + ., implies e — r. ,, > e/2.

Then the squared error has the following decomposition

0B [ 2 D - D D D

PO | max{é, b, )2 max{e, by }? P max{e, by} \max{é,b,} max{e,b,}
& [ D max{e, b, }? — max{é, b, }?] - [ D max{e, b, } — max{é, b, }
~ PO | max{e, b, }2 max{é, b, }2 | PO | max{e, by }2 max{é, by, }
& D max{e, b, }? — max{é, b, }*] LR [ D max{é, b, } — max{e, b, }
P nax{e, by 2 max{¢é, b, }2 | P | max{e, b, }2 max{é, by, }

[ D1{é < e} max{e,b,}? — max{é,b,}?] [ D Tem
<E 2E :
= PO | ax{e, by }2 max{¢é, b, }2 | +2kpm) | max{e, b, }? \ max{e + e n,bn}

D max{e, b, }?> — max{e — re n, by }? D Teon
<E J oF - @ (lem
= TP | max{e, by, }2 max{e — re n, by }? + 2P max{e, b, }2 \ by
<E [D1{e € [bp,bp +Ten)} (bn +7Ten)? — b2 LR D1{e € [by + Tem, 1]} €2 — (e —Ten)?
= P i max{e, by, }? b2 P max{e, by, }? (e —Ten)?
D Ten
T 2Epm) [max{e, by }2 (bn)]

<R _Dl{e € [b’ﬂ7 bn + Te,n)} 2bnr€>n + rtin + F Dl{e € [bn + Te,n» 1]} 2€re,n
=P max{e, by, }2 b2 P(n) max{e, b, }2 (€ —Ten)?

D Ten
2[E _— :
+2hpm) [max{e,bn}2 ( by, )]

<E D 4byre n + rin
= PO max{e, by 12 b2

Dl{e c [bn + Te,ns 1]} 2T€7n:|

T AEP@m) { max{e, by, }2 e

<E D 12by7ep + rf,n
= PO max{e, by 12 b2 ’

Since 1e,, = 0(by,) by assumption, this upper bound is o (Ep(n) {m] ) O

Yo—1
Lemma 15. For all P € &, Ep|D/ max{e(X),b,}?] >1— (bizz’%ﬁ) ’ Yo °.

Proof of Lemma 15.

Ep[D/ max{e(X), by}?] = Ep[D1{e(X) < by}/ max{e(X),bp}?] + Ep[D1{e(X) > b}/ max{e(X),bn}?]

> b, *Ep[D1{e(X) < by} + (1 — P(e(X) < b))

o1



> b 2e(y0) P(e(X) < by)7/ 0071 1 (1 — P(e(X) < by)) (Lemma 4)

= 1+ P(e(X) < by) (e(y0)b, 2 P(e(X) < by) /007D —1).

Yo—1
This term is minimized over P(e(X) < b,) at P(e(X) < b,) = (ﬁﬁ) ’ , which produces

Ep[D/max{e(X),b,}*] =1 —

O

Lemma 16. Suppose the conditions of Lemma 14 hold and r,,,, — 0. Let P(n) be a sequence of distributions

in . Recall the definitions of ¢, as the oracle clipped influence function and ¢?n the estimated influence

function. Then EP(TL) [d)%] = VaTP(n)(QSn) + 0(1) and P(n)n [Q/SEL - d)%} = OP(n) (VaTP(n)(¢n)>

Proof of Lemma 16. First, note that:
Ep(n)[0n] = Varem) (én) + Epm)[dn]? = Varpm)(en) + O(1)% (Assumption 1(a))

Next, I show that P(n), [éi - ¢EL} = 0p(n) (Ep(n) [D/max{e(X),b,}?]). I have:

[P [32 - 03]

= P(n)ul(¢n — ¢n)?] + \P(n)n [2(a3n - m)m}

< P(n)n[(n — én)?] + 2\/P(Tl)n [(én - ¢n)2:| P(n), [¢2] (Cauchy-Schwarz)

= Pal(dn — 971+ PO [~ 0)2] Opiry (piafe2])  (Lomma 13

= Ep(my[(¢n — 6n)?] + \/Ep(n) {(d;n - %)2] Op@n) (Epm)[92])

+ o (\Erm92]) (SLLN)

I decompose the nuisance error as:

D _ D
max{é,b,} max{e,b,}

<4 (rfw (1 + mx{fw) +((Y = 1) + 0p(y (run)) (max{g’ ba} maxg, bn})2>

<, D p D
~ B max{e, b, }? max{é,b,} max{e, b,}

+ Y —

>2 (Tri. Tneq.)

A 2 ~ D
(Pn — dn)” < (Iu—ul‘l_mx{e,w

)2 +op@m)(1)
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D D D D 2
- )—~ _E - 1
op(m)( )max{e,bn}2 P [max{&bn}Q} * (max{é,bn} max{e,bn}> or (D)

7,n — 0, Lemma 15
s

Ep(n) [(¢n - an)ﬂ = OP(n) (EP(”) [maX{Z@L}?D

D D ?
E - 1
T EPm) (max{é, by} max{e,bn}) +orm(1)
D
=0p@m) | Ep(n) wax{e, by )2 + 0op(n)(1). (Lemma 14)
= 0p(n) (Varp()(n)) + 0p(m)(1). (Lemma 5)

As a result:

= \/ or(n) (Varpm)(¢n)) Opm) (Epm)[93]) + opm) (Varpm)(én)) +opem) ( Ep(n) [¢%])
= 0p(n) (VQTP(n) (¢n) + \/ VaTP(n) (¢n)) = 0p(n) (VarP(n)(¢n)> . (Lemma 15)

O

[P [32 - 62

Lemma 17 (Estimated variance consistency). Suppose the conditions of Proposition 2 and Lemma 14 hold.

Let P(n) be a sequence of distributions in &?. Then 62 /o2 2.

Proof of Lemma 17. The conditions of Proposition 2 hold, so the conditions of Proposition 3 hold as well.
The conditions of Lemma 14 hold, so the conditions of Lemma 16 hold as well.

Recall the definition 62 = n='Varp(,)(¢n).

Let 02 = n~Y(P(n),[¢2] — P(n)n[pn]?) be the oracle sample variance. By Lemma 13, o2 /52 2.
1) [321— P(n),, [62 | —hAIPW AIPW 2
Therefore it suffices to show that (62 — 02)/52 = P(r)n19al=Pln) [¢‘",']Mﬁ§”)”(¢ O+ 0Gracie ) 2,

Note that by Proposition 3, Ep(,,) [D/max{e(X),b,}?] = O(n62) = Opn) (Varpm)(én))-

By the triangle inequality:

52 02| _|P)a |32 —GR]| QALY (bu)2 — DI (bu)?
a2 Varp(n)(¢n) Varpm ((bn)
[ 22 2 1
3 [P [ -4t 0 (EPW D) maxe(X), bn}ﬂ) (Lema 0)

+ Op(n) ( ﬂﬁz'lfw( n) = w(‘éﬁﬁ‘fe)( n) ) (Lemma 5)

1 o .
) (EP )y [D/ max{e(X), bn}2]) + op(n)(1) (Proposition 2)

= [P, 62 - 2]

= [P [32 = 62] | Op(y (1/Varpy(6a)) + 0pi (1) (Proposition 3)
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= 0p(n)(Varpm)(én))Opmy (1/Varpm)(én)) + opm (1) (Lemma 16)

= Op(n) (1)

2

Therefore (62 — 02)/62 —p(n) 0. By Lemma 13, 02 /52 —p(ny 1. As a result, (62 — 62)/72 —p(n) 0 and

52 /52 25 1. O

Lemma 18. Suppose the conditions of Theorem 1’ hold. Then o, ! (ﬁﬁ{fw (bn) — 17;640151‘2{6)([)")> = op(n)(1).

Proof of Lemma 18. T write k(i) for observation i’s fold and ny for the number of observations in fold k.

Then the oracle and clipped AIPW estimators are:

“d)AIPW (k)(b )

clip

DO ate) (bn Z¢Z | buym) = Z — S 92 | baum)
zk(z) k
N 1 A(— nk ].
Q{fw(bn):ﬁZsﬁ(Zi\bmn( M) = > d(Zi | b,
i=1 k 1k(z) k
uwAlIPW(k)(b )

I write 7, = 0, (ﬁgféjw’(k)(bn) — Qﬁgffw’(k)(bn)). I wish to show that ), “27y = 0p(,,)(1). I consider an

arbitrary k£ and quantify the bias and variance of 7, given the data and nuisance estimates from the other

folds —k.

I write the standard decomposition:

i =0, P, [(ﬂ — 1) (1 - maxfeb}) +p=Y) (max{z, b} max{Dé, bn})] '

By cross-fitting, the bias satisfies E[7), | #(~%)] = o, 'E [(ﬂ - M)M} I now bound this term.

n max{é,by }

Elfy | 8, ]| < 0 T P(0)(e(X) < by +7e,n)

+ Uglru’nre,n]EP(n) [ 1{e > b, + re,n}} (Lemma 8)

E [D/ max{e, by, }?]
VE [D/max{e, by }2]
= 0p(n)(1). (Assumption 3’(b))

< opmy(1) + nl/Zm,nTe,n (Lemma 11 + Proposition 3)

Next, I show that Varp(, ( A;‘}{Ifjw( n) — wfolf;‘ge (b )) = 0p(n)(02), where 62 = n~'Varp(,)(¢,). .

Consider the estimates in one fold k£, with the nuisances from other folds fixed. For the estimates in that
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fold:

Varpa (G4 (0n) = GBI b)) = Var (P()ud = 6) = n"'Ep) (6= 6)° ~ Epa Bld - 6]
=1 Ep |(6 - 6)° — opin (1)] (Bias)
= n_lop(n) (Van(n)(¢n)> + Op(n)(l) (Lemma 16)

=n""op) (Epe[D/max{e(X),bx}*]?) + 0p(n) (1)
(Lemma 3.(iii))

= op(n) (07 + 1) (Lemma 6)
Epy)[D X), b, }?
= 0p(n) ( p(w D/ maxte(X), bn)7] + 1) (Proposition 3)
n
= Op(n)(a'i). (bn > nil/z)

As a result:

B[ 149] = 2[4 149]) + Var (7 |19 = 0p(1)
Tk = 0p(n)(1)

1/ ny . e
o, (Mffw(bn) DO ratte) (bn )) = OP(n)(l)) <> 17kl = d = —0pm)(1) = 0p@m)(1)-
k

k

Finally, I am ready to prove the central claims of this work. O

Proof of Theorem 1’. By Lemma 18, o, (AAIPW( n) — PAIPW (b )) = 0p(n)(1). Therefore, by Proposi-

clip (Oracle)
tion 4, o (BALPY (ba) = ¥u ) = o (BALEY (0n) = DL o) ) 4o (BEEN (ba) = ) 2 N(0,1),

O

Proof of Theorem 1. For either claim, let P(n) be a sequence of distributions P in the relevant set. Note

that in either case, the assumptions of Theorem 1’ hold by Corollary 6. Therefore, by Theorem 1’

o, ( A () _ t) e

On

sup
teR

— 0,

where P(n),, denotes the empirical average under distribution P(n) and o, is defined in Proposition 4.

Now I expand the empirical t-statistics for any fixed t:

P(n), ( chiy * (bn) = tn _ t) _ P(n), ( AIPW (b,) — 1y, <an> . t)

On On
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on On
JALPW (3 Y _ ) .
:P(n)n< clip ((; ) ¥ —tZ"<o>

with the final result holding by Slutsky’s theorem.

Therefore,
NAIPW (3 _
sup |P(n), ( elip E n) = ¥ < t) —P(t)| — 0,
teR On
by properties of a cumulative distribution function. O

Proof of Corollary 1. For simplicity of exposition, I prove the result for the class & under Assumption 4(ii):

limsup sup |P(¢(P) € Cp) — (1 — )| = limsup sup

n—oo PeZ? n—oo Pe2? &n

o <w<P> — GAIY (ba)

€ [z;,z1_3]> —(1-a)

TAIPW _
pr (B G u) 213) _ 2)
= limsup sup 5

noreo. PeP pr ( BAL G —w(P) Z) ST

On

On

TAIPW _
pr [ PATY G —wP) _ Zlg) - i;))
= limsup sup S ATPW
- Pewp "pc7 (bn)fw(P)
n—00 S pPn lip . < Z% _ %

On

< limsup sup
n—oo P&

"AIPW _
pr ( clip (l;") VP z1g> —®(z1-g)

pr ( chip " (bn) — 9(P) < Zﬁ) —P(2g)

+ lim sup sup
n—oo PeP

On

=0. (Theorem 1)

O

Proof of Corollary 2. By construction, there is a sequence of b, — 0 such that 7., < by, e, < by <
(n‘1/2/m’n)Q*min{l/%’%/u(’mil))}. For such a b,,, Assumption 2(b) holds by r, n7en < n~Y2 and vy > 2.
Further, Assumption 4(ii) holds because (yo — 1)2/v9 > 1.

Recall the definition of the oracle clipped AIPW estimator @fgﬁ‘f{e)(bn) and the feasible estimator

7A
clzlgf)w(bn)

It is clear by the proof of Proposition 1(i) that 15240151?1/@) (0) achieves the finite semiparametric efficiency
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bound. I claim that AQ{EW (bn) — 1/3640172‘2[;6)(0) = 0p(n)(n71/2), so that the remaining claims will hold by the

proofs of Theorem 1 and Corollary 1. By the proof of Theorem 1, Aﬁ{ppw( n) — w(gﬁ‘;‘l’e (bn) = 0p(ny(n~1/2),

so it only remains to show that wfolf;z‘l’e (bn) — 1/;(‘0151‘21’6)( ) = 0p(m (n1/2).

By construction, Ep () [w(Omde)(b ) — wz‘gfa‘ge)(O)] = 0, so it suffices to show that:

Vars ( 1/2 (w(flolzléll/e)( . — w?OIrI_;Z‘Z/e (© )>> = Varp( (”_1/22 DY —p(X)) D(Ye(—)ét)(X)))

max{e( ),b }
= Varpg ( ~1/2 Z ))(e(bX(Z(;(I))n)l{e(X) < bn}>
= Varpe,) (D(Y - M(X))(e(bfe)(;(l)) n)H{e(X) < bn}>
:&W)<Dw—uuww;;X)nw<><bU]
:Emm{ﬂ”—MXD%?;;?ﬂdX%%DW

el
< 02 P {1{()&)1@}

= mdx/ P(n (1{6 %{?bn}”) dt
:%WA P(n) (e(X) < min{b,, 1/t}) dt

3P P(n) (e(X) < minfb,, 1/t}) dt
+ fl/bn P(n) (e(X) < min{b,, 1/t})dt

max

) P(n) (e(X) < ba) (1/b,)
T\ I, P (e(X) < 1/t)di

<Co?,. bg°*2+/ th=0dt
1/b,

Y —1
— oot (255)
Yo — 2

= Op(n)(l).

C.5 Degradation of Black-Box Nuisance Requirements

Proof of Corollary 4. Take P to be the distribution that draws e(X) from the CDF P(e(X) < ) = w70~}
and draws Y | X, D ~ N(0,1). let & = {P}. Such a family confirms to the requirements of Assumption 1

by construction.
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Because vy < 2, there exists 7, n,7¢,n — 0 such that 7, ,re n < 1y nbyp K n1/? « 7“M7n7"z%2 < Tumb?{’/z.

Take these sequences. Note by construction that r, , > n-1/2,

Take the nuisance estimates as fi,(X) = p(X) — r,n and €,(X) = e(X) + rc,. These estimators do
not depend on the data, so that they are cross-fit estimators. Therefore these nuisance estimates satisfy the
second condition.

1/2

It remains to show that for any fixed a and sequence of b, > n™'/“ Wald confidence intervals have

the zero-coverage property. I show that every subsequence has a subsubsequence with the zero-coverage

property.
Pick some subsequence of n. I first show that the estimator’s bias is at least of at least the order rﬂynrz?nfl.
Write m,, = max{b, — 7¢n,0}. The bias of the clipped estimator Ag}i]ppw(bn) with n observations is:

i[5 00 =P = 2 609 =09 (g )] =P [~ e )
Tenl{e(X) > b, — re,;}]
e(X)+ren

n

= rg’"E (b —e(X)1{e(X) < by —Ten}] +runE {

. _ 1 My 1
— Tun0 = 1) (70 ) / (b, — m)m° " 2dm + TunTen(yo — 1) / (m+ revn)*lw'm”dw.
0

b, My

By assumption, by, 2 re.n, so that

1
EP ’(ﬁAIPW(bn) _ ¢(P)] > ru,nre,n('yo - 1) / 7T70_3d7'(
b

clip = 2 N
nTTe,n
o(1)
et 1)

2(2 =)

Yo—1
en

Tu,n(bn - Te,n)ﬂy0 ru,nre,n(% —1)
bnyo 2(2 =)

> 4(70 —1)2073 T (bn = Ten)™

B 2- Yo bn’YO

Y

(bn + Te,n)70_2 _

-2
TpnTenbp’™ "+ —o(1) Zrynr

Either way, there is a subsubsequence with the desired bias property. Therefore the original subsequence

has the desired bias property.
Ep[pdi, " (ba) =9 (P)]

On

for this proof.

It is convenient to write B,, =
By the proof of Corollary 3, there is a C~! > 0 such that o, > C’n‘l/zb?ﬁ/z*l for all n large enough.

For such n:

clip _ _ _ _ _
B, = > 27 2n1/2r%nb1§ Ipl=10/2 = o9 2n1/2r%nb3§/2 > C27° in/QT#’nrz%Q — 00.
On ’

Ep |94 (b,) - 0(P)]
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Note also that:

Var (3457 ) = 2Var (i gy O =040 (1= o))
= Vo (0 ooy =) 28 Vor (s ~ mmeny) 9100

2 2
+T“’nE Var 1-— D | X +T“—’nVar E|1- D | X
n max{by, e+ ren} n max{b,, e+ ren,}

1{6 Z bn - Te,n}(e + Ten — max{e, bn})2
max{e, b, } max{e + rc ., b, }

=02+ g [e(X)Var(Y | X,D=1)
n

2 - 2
N rumE e(l1—e) N Thn Var max{b,,e+re,} —e
n  |max{b,,e+ren}? n max{bp,e +ren}
o2 12 1{b, — <e<hb 1{b, <
§U721+ mdxe,nEe{n Ten > € n}+e{n_e}
n b2 e?
N rﬁmE _6(1 —e)+b21{e<b, —Ten}+ rénl{e > by, —Tent
n max{by, e+ ren >
2
< >
§03L+0max enE{l{e b } 1{e_bn}]
n b, e
N inE (e+02)1{e < by —7en} N @E (e+7r2,){e>by —ren}
n b2 n max{by, e+ ren >
o2 12 r2 r2 1{b,, — <e<b r? 1{e>b
SUTQL‘F max e,n+ ”’"b;lP(eSbn—re,n)—F M,nE|: { n — Ten X € n}:| + IL,HE|: {e_ n}:|
n n n b, n e
2 .2 2 Yo—2 1 qr0-3 ) 2 .2 2(2—70) (Yo=1)+1 .2 2
< 02 n Umaxre,n + run ( b + f Yyo—1 dm < 02 i o—max’re,n + (2—=70)(v0—1) I»Lnb’YO
>0, n - n n -

By the proof of Corollary 3 applied to the distribution P, o2 is on the order of n='b7°~2. Therefore

Var ( AA.IPW(bn)) <02 +o0(c2).

clip
Note that since r,, , = 0 and b, > 2r, ,, for all n large enough, the conditions of Lemma 17 hold. Therefore
Ep[phis " (bn)=v(P)]

On

P

62 /Var(PAIPW (b)) - 1 and E [AAIPW(bn) - w(P)] —F 00, As a result,

clip clip

and for any fixed a € (0,1/2),

TAIPW _
P(P) e én) =P ( clip (bAn) vP) € [Za/2721—a/2}>

On
GALY (bn) = B[4 (b))

on +op(on)

€ [Bn + zaj2 + 0p(1), By + 21_a/2 + 0p(1)]

- Op(on) P
_P<0W)W S I:Bn“y‘ZOL/Q‘FOP(l),Bn"—Zl,a/Q+0P(1)] — 07

with the limit holding because B,, tends to infinity. O

Proof of Example 1. For simplicity, I proceed assuming 7., >> n~1/2. By Theorem 1, it remains to show
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that there is a b, — 0 such that 3(c) (mmbg(’/z < n~Y?) and 3(d) (re.n < bp).

—1/2

Because 1, pnren < n~1/2 there exists some §, — oo such that TunTenbn KN . Choose some b,,

such that 1 > b, and 7., < b, < (Te’n(;n)2/70. This is feasible because vg > 2, so that r?,/n”“ > e, and

5,2/% — 00. Then 7., < b, and r,mlb%(]/2 L TunTendn K n~2, Thus, both conditions hold. O

Proof of Example 2. For simplicity, I proceed assuming r. , > n=1/2

. By Theorem 1, it remains to show
that there is a b, — 0 such that ry, ,,re » log(1/b,) < n-Y2 Tpnbn < n~1/2, and Ten < by.
Because 1, 5, 7e,n10g(1/7¢ n) < n~1/2, there exists a b, such that Ten <K by, < 1 and 7y, ,b,log(1/b,) <

n~1/2. For this b, all three conditions hold by inspection. O

Proof of Example 3. For simplicity, I proceed assuming re r, 7u,n > n~1/2,

If 79 > 2, the claim holds by Example 1 and Example 2.
Now suppose that 79 < 2. By Theorem 1, it remains to show that there is a b, — 0 such that
rumre’nb?(]rz)/z < n~Y2, m,nbzo/2 < n~ Y2, and Ten < by. Because re, < n~1/3, there exists a b,

such that n=1/3 > b, > max{reyn,n_lr;%}. For this b,,:

(70—2)/2 —1/2 —1,.—2\"1/2 _ 172 2 —1/2
TunTenby L TyumTenby L TynTen (n T‘H’n) =N, Ten KN

m,nb%“” < Tu,nbi/z <n '

verifying all conditions. O

Proof of Example 4. If 9 > 2, the claim holds by Example 1 and Example 2.

Now suppose that 79 < 2. By Theorem 1, it remains to show that there is a b, — 0 such that
ru’nre’nbg{mﬂ)/z <n Y2 ru’nb;yf’/2 <n Y2 and 1., < by.

(i) 7un = O(n~1/?). Take b, — 0 such that b, > r.,. The first condition holds because b2 «

7"&77‘2_2)/2 < re_ﬁl/Q. The second condition holds because r#’anO/Q < n V2,

(ii) ren = O(nil/z). There is a §,, — oo such that 571/2 < n*1/4/r#7n. Take b,, such that n=1/2 > b, >

n~128,, so that Ten < by. Then:

rlhnre,nbyo*Q)/Q < Tlt7nre7nb;1/2 < Tﬂ7n7’e,nn1/4551/2 < n Y2

Pumblo/? < 1y bl/? < 1y n =462 < n T2

verifying all conditions. O
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C.6 Necessary Smoothness Conditions
Lemma 19 (Minimal expected nearby observations). Suppose the conditions of Theorem 2 hold. Define

A(zo | h) ={x 2 € [-1,1]¢, ||z — ;]| < h}. Then

inf Ep[D| X € Az | h)] > 2~ 00t/ (o=D =1/ (o=D) p 5557
zo€[—1,1]4,PEP h>0

Proof of Lemma 19. Proof by contradiction. Suppose not, and there is a P € &, ¢ € [-1,1]¢, h > 0 with
Ep[D| X € Az | h)] < 2~ 004D/ (o=D)o=1/(vo=1) 5557

Define 7 = 2~(0+D/(o=1DC=1/(0=Dp5%"T and B = {X € A(wo | h) : e(X) < 7}. Then P(X € B) <
P(X € A(wg | h))/2 > h%/2. As a result:

hd 71hd 1—~o
P(e(X)<m)> o = cw%*l%

d

v0+1 -1 1=70
= creloTlgTi et (R e ) = o,

Contradiction. O

Lemma 20 (Minimal coefficient). Suppose Assumption 6 holds and e(X) € X(B., L) for some B, > ﬁ.
For 0 < j < B, Let ¢; (v | xo) be the coefficient in the jth-order Taylor expansion of e(z) around zo applied
in the direction of v. Then there is a ¢* > 0 such that for all xg, there exists an & # ¢ and a 0 < j < a(Mow)

such that xo + ﬁ € [-1,1]¢ and ¢; (ﬁ | x0> > c*.

Proof of Lemma 20. 1f B, < 1, the claim is immediate by Lemma 19. I therefore proceed assuming 5, > 1.
Proof by contradiction. Suppose for all ¢ > 0, there exists a P and an xy such that c; (ﬁ | :L'o) <c
for all j < a(Mow),
Define:

Ol/d a
"a(Mou) +2-| (h) 0 .

W =argsuppeor Y. & (W) + Le (h) <
a(Mow) <j<p,
This h* is well-defined because as h tends to zero from above, the left-hand side is of a lower order than the
right-hand side. By continuity, h} € (0,1] and satisfies this weak inequality.
1 )
Take ¢* = ming< <, 0w %(h*)ﬁﬂ. I claim that for this c¢*, the the content of Lemma 20

holds.

Proof by contradiction. Suppose, not, and there is an zo € [~1,1]? and an x as above such that
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¢ (ﬁ | xo) < ¢* for all j < oMo Then for all x € [~1,1]%/2¢ such that ||z — x| < h* and

2o + 222 € [-1,1)%

e(z) = f(z [ o) + g(z | 20)

T — X . T —
= Z G (Hx o |x0) [ = ol + Z Cj <|| |x0> |z — xOHJ + Lz —fcoH'Be

OSjSCE(MO”) a<1VI°u)<j§Ze Hx
CT™% CT% 4 [a(Mow) 4 1]
=70 d . . =70 d 1 olMou d
< Y ()T e — gl + e (B) T < 0T BT
- 0<j<a(Mou) [a(Mou) ‘1‘2}( ) o= ol + [a(Mou) 4 2] () < i [a(Mou) 4 2] ()

So that:

1 "a(Mou) + 1‘|
P X) < 1-vg — —
<6( ) — ¢ "a(Mou) + 2'|

(h* ) P(:roJr oH [1,1]d,||Xo:o|2h*>

> (h*)4 = (C’l - (h*)d/(% 1)>%,1

(Mou) Yo—1 1 (Mou) Yo—1
—C Oé + 21 CT=% |—04 + 11 (h*) 70‘171
a(Mou + 1"| I'a(Mou) + 2"|

1 [a(Mou) 4 q oy —d ot
o (oms e ] )

) =ofer

Therefore, for this ¢* > 0 and all gy, there exists an x # zg and a 0 < j < aMou) guch that

. Tr—XTo > *
o (=t lw) > =

(Mou) 4 1
% (h*)7

Mou o—1
But by Assumption 1(d),P( (X) < CT% (o] (h*)70 = )7 . Con-

tradiction.

Proof of Proposition 5. Proof by contradiction. Suppose not, and for all p,v > 0, there is an

he (0, (Cl/d/(QL))i‘ﬁ} :

z € [-1,1]¢, and P € & such that P(e(X) > PSUP||z_gol<n €(T) | D =1,[|X — ol <h) <.
Take some p > 0 and some sequence of v, — 07, with associated bandwidths h,,, such that

P(n) (e(X) >p ( sup e(x)) | D=1,||X — a0l < hn> < Yn.

le—zoll<hn

Because [—1,1]? is compact and the coefficients are in a compact space, there is a subsequence of n for
which zg and the local polynomial coefficients of e(x) around z( are convergent. Without loss of generality,
suppose this is the sequence. Write g,(z | 9) = P(n)(D =1| X = z) — fn(z | ©o) be the local polynomial

propensity residuals. Also write f*(- | zg) for the local polynomial coefficients at the limiting coefficients.
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First, I show that h,, — 0. Suppose not, and limsup,,_,. h,(z) = h* > 0. Without loss of generality,
suppose lim,,_,o hy(z) = h*. Write A = {z | || — 2o|| < h*}. Then by continuity of densities and bounds

on derivatives, for all n large enough,

sup e(z) | | D=1,||X — x| < h*
llz—zoll<h*

p( sup f*(rxo)>|D—17||Xﬂfo|§h*>

IV
N

Y = P(n) <€(X)

w

P(n) | e(X —
- ()<( )23 llo—aol|<h*

—1{ sup_fe(x) — f*(z | zo)| > & sup f*(x|xo>}

lz—aol| <h* lz—aol| <h*

> P(n) <e(X ) >

|

( sup  f*(z | wo)) | D=1,[X =z < h*>

lz—zo||<h*

—1{8111)Ifn(HCIl‘o)—f*(w|$o)||+|9n(x|w‘o)leG sup f*(fcwo>}

z€A llw—ao||<h*

= P(n) <e(X) > % <| _suﬁw (x| x0)> | D=1,||X — x| < h*) -1 {O((h*)ﬁe) > Q((h*)m’fl}
> P(n) (e(X) 2 g <| S [ wo)) | D=1,[1X — o < h*) ;

which is a positive constant. Therefore v, -4 0. Contradiction.
I therefore proceed assuming h,, — 0. Let the lowest-order nonzero coefficient in f* be of order j*. j* is

defined and finite by Lemma 20. Define

G = P(n) <e<X> >

NS

( sup e(az)) | D=1,||X —xo]| < h*> — Yn.

lz—zol|<h*

I wish to show that G,, does not converge to zero. By the Bolzano-Weierstrass Theorem, it suffices to show
that there is a nonconvergent subsequence of n.

Write my, j = sup), =1 & (v)] hi=" and m,, = maxp<j<;- My j. | consider two cases: (i) m, — 0 or (ii)
liminf,, ;o m, > 0 (and potentially infinite).

Case (i): suppose m,, — 0. Then for all z € 4,,,

e(x) = f*(x | 20) + fulz | o) + gulx | o)

= sup D%(xo)(x — x0)® + ORI HLALY L o(hI7) + O(RPe)

llell=5+

.
_ it [ T [z — o i*
I € (nx—m)( ) ol
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J
Let n > n’ imply that the o(h/ ) term is at most half as large as SUDyca, i cj <ﬁ> (”w;%”) , as

well as to imply that zo + h,v € [~1,1]? if and only if there is an h > 0 such that zo + hv € [~1,1]?. Then:

P(n) (e(X) > sup e(z) | D=1,X € An)

TEA,

. X — IX = ol \ _ p T~ %o e = roll |
>P(n) | b ¢;- > L i D=1,X€A,
- ( " <||Xxo|> ( i 23\l ) ) 1P TREE

X —a \ (I1X =\ _p z—z0 \ [z =zl \"
=P(n’' c~*< )( > sup ci D=1,XecA,|>0
”(J X — o]] Tt 2 en, 7 Uz — a0 o |

Contradiction.

Case (ii): suppose liminf,, o m, > 0. Write

fe 2 jaf=; D elo) (7|\§:§3||) bl — o\
(@ [ 20) =B mp Y — h

=0
«J. g
den(Hm—mou)

By construction, d. in <Hi:§3”> is bounded between —1 and 1, so that there is a convergent subsequence for

all a. Without loss of generality I proceed assuming this is the full sequence.
Write ci;k (v) = lim,, o0 dj . (v) for all v. Write J; (v) = ¢« (v)/my,, where ¢« (v) is the j*-order coefficient

in f*. By construction, for all ||z — z¢|| < Ay,

e(x | x0) = f*(x | 20) + fulz | 20) + gn(@ | o)

J J
% [ T — |z — 0| in{1,8.—j*}
. « 1 min{1,8.—j
= mah ZJ(II%—%II)( ) rew+o(n )

=0

L (w—wy (=l -
:m"hizdj(nxm)( ) olmaln):
=0

Let n > n/ imply that the o(mnhfj) term is at most half as large as the largest value of the first term over

r € A,, as well as that g + h,v € [~1,1]% if and only if there is an A > 0 such that zo + hv € [—1,1]%.

Then:

P(n) (e(X) > Iseuf e(z) | D=1,X € An)

" e ;
N g (X — o X — 2ol \" _ p T — o |z — @0

> INd > P E 7 -

>P(n) | myhd :Od] <||X —x0||> ( » Z 5 up my,hl d; o — o ™ |D=1,X € A,

An j=0
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P Z( X = 2 ><|X—xo||>j>p . Zd( T ><|x—:€o||>j|D:1 vea =0
X = o hns " 2uea, 57\l — ol B ’ "
Contradiction.

Therefore there is a p,y > 0 such that for all A > 0 small enough, for all P € & and zo € [-1,1]¢

Ple(X) > PSUD||z— || <h e(z) | D=1,||X —zo|| < h)>~. O

Lemma 21 (Minimal eigenvalue technical result). Suppose the conditions of Theorem 2 hold. There is an

h' > 0 such that

lim sup P (||11TU|| <e|D=1|X —x0] < h) =0.
e=%0 pe @ woe]-1,1]4,he(0,r],||v]|=1

Proof of Lemma 21. Take some sequence of €, —+ 0. Take h', p,~y from Assumption 7.
Let P(n) be a sequence of distributions in &2, let v,, be a sequence of vectors with ||v]| = 1, let h,, be a

sequence in (0, h'], and write A, = {z : ||z — z¢|| < hy}. Then:

P(n) (IWIU] < V&7 | D=1.X € 4,) = 22 [e();ll( {)H[Z% )g)lfx @}n} X € A
(suPsea, €(x)) P(n) ([0 UI| < /En | X € An)
 P() (e(X) 2 p (supsea, €(2))) p (SuPsca, €(2))
(suPsca, €(x)) P(n) ([07UI| < vEn | X € An)
VPSUPsea, €(2)
P(n) ([ Ull < VEn | X € An)

- > = 0(v/m) = o(1).

O

Lemma 22 (Uniform minimal expected eigenvalue). Suppose the conditions of Theorem 2 hold, and let

U (v) be the vector of zero-through-| B.|-order interactions of v. Define:

T
U(X_x[))U(X;xO) | D =1,||X —zo|| < h| v,

Ah) = inf v Ep W

he(0,h] vl|=1,20€[~1,1]4,PE P

A* = liminf A\(h),

h—+t0
where U(-) is the | B,]-order local polynomial interaction matriz. Then X\* > 0.

Proof of Lemma 22. Let b’ be from Lemma 21. Fix some h € (0,4]. Let h, be a sequence in (0, k], let v,
be a sequence of vectors with ||v|| = 1, let 2, be a sequence of points in [~1,1]%, and let P(n) be a sequence

of distributions in Z2. Let A, = {z: |[|xr — zon| < hn}.
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By Lemma 21, there is a € > 0 such that:

in P(0"U|| >e| D =1,]|X — 20| < h) > 0.
PeP,xo€[—1,1]%,he(0,hy],||v]|=1

Call this infimum 6 > 0. |[vTU|| is bounded, so ¢ is finite.

Define:
X —zon\"
/\n_’l) Ep(n) ( ) < h:O’ ) |D=1,X€An Up

Y _ T

o (552 20 (552 1
X - n
= Ep(n) (ﬁU(“)) ID=1,X € A,
hn
2 T X —xon 2
>e*P(n) | |v, U T >e|D=1,X€A,|>e0>0.
Therefore, for all h < b/, A\(h) > €25. Therefore \* > £25 > 0. O

Lemma 23 (Uniform functional approximation across multiple gridpoints). Suppose the conditions of The-
orem 2 hold. Let fi, »(v) : [-1,1]9 — R be a set of k,, functions that are uniformly bounded. Let S(m,h)
be the set of sets of m tuples (z,h) with x € [-1,1]* and h € [h,,,h'], where h' comes from Lemma 22’s

notion of h small enough and where for all (x1,h1), (x2,ha) € S € S(m, h) with zo # 1, there are no points

2(1
€ [-1,1]¢ with ||z — z1|| < h1 and ||z — 22| < hy. Write & = 271 e CT% (sup, | f(v)])~2. Suppose (i)
dvo

dvo
hn™" > n=1; (i) m, be a sequence tending to infinity such for all fivred a > 0, m,, < exp (anhﬂol);

mn

AT
exp|log(1/2)+c—1n— lh (U

and (iii) and k, | 1 — (<1) ) — 0. Then there is a sequence of e, =T 0 such that

(&

forallk=1,... ky,:

> Dk (B2l i (B22) - B [pK (B2l g (B22)]
sup P max I 5 J 3 S
Pe?,SeS(mn,h,) J nEp(m) [DK (H)Z—z_jl\ﬂ
n,J

Proof of Lemma 23. This proof will get hairy. For simplicity, I proceed assuming K is the uniform bandwidth
scaled downwards by one-half; the proof would require far more care if the kernel took on nonzero values
for an unbounded set. Also, for simplicity, assume that e(X) is bounded above by one-half — the difficulty

here comes from small propensity scores, and is already substantial. Let the upper bound of |f| be b > 0.

66



dvyo
~ —1
Define R,, = ¢nh,° " and

) ) i) 1 (52) 1]

nEp(n) [DK (M)}

hn,j

Xi — X
‘quyk = z{: l)i}( <|| h, : ]|
i g

By construction, there is a sequence of €;7 — 0 such that k, (1 —(1-=1/e) 611’(1°E<1/2>+Rn£%)> — 0.

Note that the events D; K (”X,;i"l

) are mutually disjoint for a given ¢ across j; therefore write j(i) for

vy

1 X5 =254 |l
h .

the j such that D; K ( ) =1 if feasible, and write j(i) = 0 if no such j exists.

n,j

Let P(n) be a sequence of distributions in &, let S,, be a sequence of sets in S(my,h,), and let

{(@n,j, hn,j)} be a sequence of associated points and bandwidths. By Lemma 19, for all j,n,

. . dy
EP(n) |:DK (W)] > Cl/(l—’YO)Qitfygh;{o—ol'

n,j

Note that I use a laxer bound for h,, because the polynomial order here is found elsewhere, and the polynomial

order in Lemma 19 is not found elsewhere. Thus, the argument will continue to hold in the presence of certain

typos.
Consider the event A of {i,7j(i)}. Note that for any given j, by the Chernoff bound for binomial random

variables,
ZD'L’K(‘IX};_ZEJH) —nE |:DK<H)Z—"~”JH>:| 9 dvo
Pln HXi; N 22| Serp 3 = < exp (—cnhﬁ“ 1) ;
n DK (L2} ]
S DK (HXP;*:L’JH> S DK (HX;*:L’JH>
So that P(n) | max - <2)<1- Z P(n) v, >9
i nE [DK(”X_%‘“H . nE {DK(HX—IJH)}
hn,j J hn,]
b2 dvg
<1-0 <mnexp (—E3nhﬁ°_1)> =1-o0(1)
X5 —ajll

D;K
I therefore proceed under the high probability event that A is such that max; XM <2

n,j

I now apply the Hoeffding inequality to the > DK (%) < 2F [DK (%)} elements of V,, ;

conditional on A, for all k,n, j

2 (nEp(n) {DK (“Xh*i"”“)})g &2
(Z D;K (HXhi;fjH)) B2

P(n) (|Va,jkl > en) < 2exp < 2exp (fRnst) .
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(1 =P(n) (IVajx

18 > en))

kﬂ, n
P (sl i V0] > 20 4) <

)))

My . d%
< kp (1 — ]1;[1 (1 — 2exp (—Rnsi)) =k, (1 — (1 — 2exp <16b2nhn”0 5%
1 exp(log(1/2)+Rnei) ezp(log(lr?;b)ﬂa,ls%)
=k — 1-—
n << exp (log(1/2) + Rﬁ%)) )

o(1).

= kn (1 —(1-1/e—- qmm)

O

Therefore P (maxi”z’l maxgnz"l Vi jike| > gn> = o(1).

Lemma 24 (Nondegeneracy of local polylnomial eigenvalues at estimated bandwidths over gridpoints).
Suppose the conditions of Theorem 2 hold. Fiz some k > 0 and let S,, be a set of g, points x, ; € [—1, 1],
with g, < k'n for some fived k' > 0. For each @, j, let hy, j = suph :nY_, D;1{||X; — @, ||} < kh=% and

let hy, ; solve nE[D{||X — zy ;}] = kh=2Px. Then there is a 6, —T 0 such that

)u(

| X3 —a;ll
Zi DlK( hn’jJ
)\min

Xi—x; U Xi—z;\T
i g

>, DiK<HX;f;gfj H)
limsup sup P | max = —1| >4, | =0(1).
n—oo PeP? J HX*G:J‘H)U(X*JM)U(

[ [

n,J mn,J

oo

)\min

Proof of Lemma 24. For convenience, I proceed assuming K is the uniform bandwidth, scaled downwards
by one-half. Let P(n) be a sequence of distributions in &.

Apply Lemma 23 to the sequence h, = nm/log(n) and m,, = 3¢, < exp (anhi”gﬁl) for all
a >, to yield a sequence of £/ —+ 0.

Let hy, j solve miny, | Ny (h | @, 5) — kh™2P¢ |, and let Ry, ; solve miny, | Ny; (h | 2 ;) — kh™2P¢|, where Ny (h |
T, ;) = nE[e(X)1{|| X — z, ;|| < h}]. Further, let [i_LnJ,iLn,j] be the convex hull of the set of h that solve
N (h | 2p)(1 4 e5)~1 = kh=2s or N*(h | 2;)(1 + ) = kh=28«. By Lemma 23, with probability
tending to one, hy j € [hy, j, hn j]-

Write:

Epon [D K (L=l )y (Xopus) g (Xopes

Epen) [DK (I\X—hfn,j\l)}

)

Ay (b B) =
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S DiK (l\xi_hxn,j\|) U (xi_hxw) - (Xi—hwn,j)T

B, j(h,h') =

The claim is that there is a §, —1 0 such that

P(n) (

)\min (Bn,] (hn,ja hnvj))

-1
Amin (An,j(h;kl,j’ h;j))

> (5n> = o(1).

-1 . . -1
A, ; is symmetric, so that [|A i

" ;H?Op) is equal to the squared largest eigenvalue of A ., where || - [|(,p) is

n

equal to the operator norm. By Lemma 22, ||A,

§||%Op) = Amin(Ay,;) 72 is bounded above.
-1
S o -1
Take m,, = 3g, < 3k'n, k, = (n+ 1), and h,, = nPrtis /log(n) D , so that the first condition of

Lemma 23 holds by Lemma 22. The second condition holds because m,, = O(n). The third condition holds

€

by L’Hopital’s Rule applied to n (1 — (571) ezﬂb“:‘;/bg(")) — 0 for any fixed a,b,c,d > 0. Thus, I may

apply Lemma 23 to the k, = n + 1 bounded functions f(v) = Ug(v)Up(v) and 1 {Z“ <v< Z"’} at the
i iy
bandwidths h,. Let the associated ¢, terms be s£f’) Then:
m]_ax }An,j(hz,j7 h;,j)k,l - Bn,j(hn,j> hn,j)k,l’
Ani(hy iy by i)k, By, i(hy iyl i)k, Bon,i(hy iy hn,j)k,
< max J( N ,J)kf + max J( N ,J)kf + max J( JJ J)ki
Tl = Bug(h gy b )k Pl = Buj(hh gy bk 1 = Buj(hng, bk

_ 1Xi—2n ;I _
¥ D (Hgmt) +O< ZDi1{|Xz-—wn,j|e[hn,j,hn,j]}>

X, - max
ZDZK (H i~ %Tn,j H)

<opn)(1) + Opmy | max |Ayn (b i b ma; 1-—
<orm(1) P( )< fX| 30 ’J)WD H — J Y Dl {1 Xi — 2l < by, ;)
n,J

2
:Op(n)(l) + Op(n) (5%“)) +o0 <(1 + 55:1)) 1+ {-:Slb))) = op(n)(l).

Therefore max; ||A,; — Bn jll(op) = o(1).

Then, by well-known arguments (Horn and Johnson, 2013, p. 381):

n,j

mj‘@x [Amin(Bn,j) — Amin(A,nj)| = miaX |)‘maX(B_1) - AmaX(A,_nEM < mJaX HB’I:,; - A;,I'H(op)

—1 2
N 1A, il opy 145 = Br.jllop) i Op(n)(1)op(n)(1)

< ma. — - C =0p(n (1)7
51— A (A = Bajllen 9 1= op@(1) ™
so that
Ami]ﬂ(Bn j) ’ )\min(Bn j) - )\min(An j) I)\min(Bn j) - )\min(A n])'
max | ————== — 1| = max : . < max : : =opm) (1),
J Amin(An,j) J )\min(An,j) - J minj )\min(An,j) P( )( )
so that the full claim holds. O
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Lemma 25 (Minimal small-propensity points). Suppose the conditions of Theorem 2 hold, and there are

my, points x; € [—1,1]% such that inf; . ||x; — x| > h and max; nE[D1{||X — ;|| < h/d}] < (h/d)=%x.

1-v0
Then there is a universal constant B > 2 that depends on C,~o, By, d such that m, < B (nhw“” 7;21) .

Proof of Lemma 25. Note that the set of points with 1{||X — z;|| < h/d} are mutually exclusive across x.

As a result, for all such j:

e(X)L{IX —ayl| < h/dy] _ d*+25
nP(IX — 2| <hjd)  ~ nhd2

B\ @ P (HX — xJH < %) 24+28u 9Jd+28, Yo—1
My (d> /QSZ 5 SP(B(X)SWL)SC<7M%>
J

m, < 270 1281 (vo=1)+dvo (nh23“+d7:31)17% )

B o) 11X~y < 33| < =

Finally, if the constant is below 2, without loss of generality set B = 2. O

Lemma 26 (KL divergence). For any given L' > 0 and x¢ € [~1,1]%, construct distributions P, ,, for m =
1,2 as follows. Draw X ~ U([—1,1]%). Draw D | X ~ Bern (C’(Wfl)Pnym (I X = 20| < [Jz — x0||)1/(7°71)),
Finally, drawY | X, D ~ N (D m(X),02:,) where p,1(X) =0 and

» Y min

—1

I —Bu 1 26 +d5 00
pn2(X) = 7747125‘”‘”;91 exp 5 |1 | X — a0l <
exp () 2
1— QHXjIIOH
nQ[fM-}—d%i—l

Finally, define & = {Pp1}n=10m=1,2. Then (i) if there exists a Py satisfying Assumptions 6 and 7, then
there exists a fixred L' such that & satisfies Assumptions 6 and 7. (i) there is an « > 0 finite such that

KL (Pn,lypn,Q) <a.

Proof of Lemma 26. First, I show (i) that such an L’ exists. Because there exists a P € & in this set and
every P, ., has the smallest possible range of Y — u(X) | X, D = 1, it must be that for every P, ,, € 2,
Assumption 1(a) and Assumption 1(c) hold. Also, if I define V(z) = P, (]| X — zo|| < || — x0||) which is
distributed Unif ([0, 1]), then for all P, ,,:

P (e(X) < 7) = P (C*WO*)V(X)% < 7r) = Py (V(X) < Cr01) = O,

Therefore, Assumption 1(d) holds. Also,



so that Assumption 4(i) holds with p = 2'77. It is also clear that Ep, . [Y | X,D =0] = Ep, ,[Y | X,D =
1] € ¥(B,, L), since these functions are a constant zero.
It remains to show that there is an L’ > 0 such that for all n,m, Varp, ,(pin,2(X)) < M (Assumption 1(b)

and completing Assumption 6) and py, 2(X) € X(58,, L) (Assumption 7). For the variance upper bound:

Varp, , (fn2(X)) < (L')? (nzﬂ“*d%) exp (2 — 2) < (L))%exp(2/3).

a

—Bu
so that it suffices to take L' < \/Mexp(—2/3). For Holder continuity, write i, 2(X) = Ll 2outisgtt g, (lX_gf"l

28, +d
nﬁ“

If a > 0 is small enough, then g, is infinitely differentiable and in ¥(5,,1/2). Thus, by standard arguments
(Tsybakov, 2009), if L is small enough, i, 2(X) € 3(B,,, L). Thus, there is an L’ > 0 such that & satisfies
Assumptions 6 and 7.

—1

Second, I show the main claim (ii). It is useful to write h,, = n?#*95%%1 | Then:

dP,
KL(Pn,l’ an2) = nPn,l (10g dP, ’;)

2
L Bu -1
B h <ewp<;>h" eap (11/4))
<nPna ||X*$o||§z P D:HHX*%OHSZ 5
= nk2724-1 (L) (Z) o h?TiﬁQﬁ“ = k2721 (1)? (g) T e
O
Proof of Proposition 6. Let § > 1 solve:
28, +d =10 Wbd—20
) o (5 (1og§(é>)2il'+d7°71 1
log(4) =) )

This is defined, because as § —T 1, the left-hand side tends to infinity while the right-hand side tends to
268, +d—20_
T

one; but as 0 tends to infinity, the left-hand side (§ *P+ ) grows more slowly than the right-hand side

1 1
(69/102(9)) T will assume that (%) > 4. If not, increase § to have (ﬁ) e = 41/(2B) | In either

log(o
P o s =
5 2B e | _ 5 2B _ ) 28
case, (W) < (9) . Also define r = (log(é)> and T = <log(§)) )

Note that by construction, = < 1/4%/(28),

—1
First, I claim that if § > 6@, then A < 2505 B and m™ > rm for all k = 0,1,.... T

. .. . . . . 0y _ (0) _ 30 —2Bu
claim this inductively. It is convenient to write my, ' = 0 and hy’ to solve § = exp | 0 ol , SO

71

).



that for all £ > 0,

2B
( (k) )2% (hELO)) "

n______ . 28

mglkJrl) _ (mglk)) 21/ By, FF D) _ <m(0)) 22(k+1)(h53s+1)) B

n
hglo) 2Bu
oo\ )
22k(h£lk))25u

= b (m®) Pt

W\ 35
L) _ o) (M| e

n

Then, for £k = 0:

NONSE
bd=exp |9 (hg?))

h,gll) (log(§) > 1/2@‘ 2[%‘*:11 ’Y(_)l

W = 5 <r Y0
) 2[m+d7;’0_1 26u
s\ 2
) ORI (mw) ™
o= () T T =0 4 T
Mn
I now proceed assuming the claim holds for all ¥ =0,...,k — 1. Then:
A B A R e
R\ D =t
(0)\28n (0)\28u
k41 (r 1 )™y
m%(:)) _ (m%o)) ak ({07 <4n5ﬁ+1> ), > (8) ()" (4;&” D) >
My
Thus, if § > 8, 5%, m{? > 7% 5 = o m
—Bu
Proof of Theorem 2. Recall that v,, = n*** 95321 | There are two main directions to show.
Lower bound pointwise rate. Define o = (0,...,0). Let & be as in Lemma 26, with associated

distributions P, ., for m = 1,2. By Lemma 26, K(P, 1, P, 2) < a. Define the seminorm d(P, Q) = |Ep[Y |
X =z9,D=1]— Eg[Y | X = x¢, D = 1]|. By construction,

“A/277
—Bu —Bu
ol Y0

d(Po1 Qu2) = Leap (1/3) n™ 505 n 5t

—Bu
where L' > 0 is fixed. Therefore d(P, 1, P 4) > 2sp, where s, = An 2outdsly Thus, standard arguments

72



(Tsybakov, 2009) show that for any fixed estimator i of E[Y | X = xg, D = 1] and all n large enough,

sup P (|ji(z0) — pi(o)| > 5,) > max
Pe» J=12

erp(—a) 1— \/a/2> S0

P; (|fi(x0) — pin,j(w0)| > 8n) > max ( I , 5

Thus, for all t > 1 (see Tsybakov Theorem 2.3),

Bu Bu
— P s —ct) 1-— t/2
liminf inf sup P <n25“+d‘«?01 |o(zo) — p(xo)| > § 2Pt ) > max (emp( ¢ ), ot/ > ,
n—oo i Pco 4 2

—Bu

28, +d—20_ .
kT%%-1 is a lower

where ¢ is a constant that only depends on the parameters of the problem. Thus, n
bound on the pointwise rate of convergence.

Achievable global rate. This is the more difficult and interesting direction. let § and 7 be taken from
Proposition 6. Also let k% be the smallest k for which 7(*=128: < 1/log(n)?. Note that k’ = O(log(log(n))).

Choose some § > §, where ¢ is constructed in Proposition 6. Define h;’“) and m%k) as in Proposition 6.

I define the estimator through a series of steps. At a high level, a first step finds the grid width through a
minimum level of implied overlap within grid regions. A second step chooses the local polynomial bandwidth
for each gridpoint based on the number of treated observations nearby, and then conducts the associated
regression. A third step interpolates between gridpoints.

Split [—1,1]¢ into a first-pass grid of hypercubes of edge length 1/L1/n2ﬁ;ﬁj. Let the associated first-
pass gridpoints be {Z, }. Define N, (h | z) = 3> D;1{||X; — z|| < h}. Let h,; = supp<1 h i Np(h | Znj) <
2h~2%u which is well-defined because N, (0 | ) < n. Define h,, = max; iln]

Now construct the true grid using the upper-bound gridpoint distance h,,. Split [—1,1]¢ into a grid of
hypercubes of edge length 1/|1/h,, |. For simplicity, I proceed assuming 1/h,, is an integer, so that the edges
are of length h,,; the rounding error is second-order. Write g,, = (2/h,)? for the number of gridpoints and
call the points on the grid ©p 1, Zn2,...,%n,g,-

For each gridpoint z,, ;, choose the bandwidth h, ; as follows. Choose h, ; = suph : N,(h | z, ;) <
2h~2Pu. By Lemma 23 applied to O(n) points and f = 1 at the fixed bandwidths h,, o/d, with probability
tending to one, hy j > hyo/d for all j.

Construct the regression estimate at gridpoints as fi(x, ;) from local polynomial regression of ¥ on
U (%) with weights DK (%) with uniform kernel. (If this regression is degenerate, take
fi(zy, ;) = 0.) For all other points = € [—1,1]¢, construct ji(x) through linear regression of Y on U (%)
among gridpoints j with ||z, ; — x| < [B,]/hn. By inspection, this estimator only requires knowledge of 3,,.

It remains to show that this estimator achieves a global consistency rate of at least ¢,,. Define h%k(j ) to

be the largest A% for k =1,..., k; satisfying nE[D1{|| X — 2, ;|| < h/d}] < (h/d)~2Pu. As a result of this
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conditioning, h, ; < h%k(j)). Write k(j) = 1 if no such k exists; this will turn out to be an ignorable event.
I first show that there is a k& > 0 such that h,, < kn~'/(ZButdr/(0=1) almost surely. By Lemma 19,
there is a k' > 0 such that E [D1{||X —z| < h}] > k’h%0/(0=1 for all h < 1 and all z € [-1,1]¢. Let

h(init) solve k’nh?':;’/tg% - 4h(lift“), so that h(iiy = (K'/4n)~ 1/@Butdyo/(o=1)) = Split up [—1,1]¢ into a

second-step set of hypercubes of edge length 1/|d/h(ipnis) |, with gridpoints zy, ;. For convenience, assume
that d/h(nt) is an integer; the difference is a rounding error. Note that the number of second-step gridpoints

is O(n). By Lemma 24, with probability tending to one, Ny (h(init) | 27, ;) > 2h(lii§‘) I proceed under this

event. Now fix an = € [—1,1]¢ and consider a bandwidth of area h > (1 + 1/d)h(ini). This hypercube
includes at least one &, ; (within a distance of h(inir)/d) and all points within h( of Z;, ;. Call such a

point i(x) arbitrarily. Thus, for such an h > (1 + 1/d)h¢nit)y Np(h | ) > Np(h | & ) > Nu(hiiniey |

Ly, z(m)
f:‘w(x)) > ming No(hiinir) | T5,) > Qh(lift“) Thus, on the high-probability event that I am proceeding on,
By, < hiinity = kn=Y/ 2Butdy/00=1) where k = (4/k)}/ (2Putdr0/(0=1) for some k' > 0.

I now apply Lemma 19, Lemma 22, Lemma 23, and Lemma 24 to the gridpoints. There are g, = O(n)
gridpoints, so that Lemma 19, Lemma 22, and Lemma 24 apply immediately, so that the eigenvalues at
h.,,; are nondegenerate. Now consider the tuples (2, j, h(¥»)) and the k, = k + 1 functions: first, f (v) =
l{h(k:)v < h,(lk)}, and fix41(v) = 1. Define b} = hy,log(n)?(0=1/4_ By Lemma 19 and construction,

h(n) > ¥ for large enough n. It remains to show that (i) (f_L;kL)d% >nL (i) g, < exp ( (k)70 1),

9n

log(1/2)+ 5 n (b}, ) 30T

_70
and (iii) k,, | 1 — (<2) CIP( ) — 0. (i) and (ii) hold by inspection. (iii) holds by bound-

ing k, = O(nlog(log(n))) and then applying L'Hopital’s Rule.

As a result, I proceed under the high probability event that N,, (h(k)/d | Tn,j) > SEDI{||X — x4} <
hE) /d], so that the k(1) additional assignment is never necessary, and the smallest eigenvalue of the
S"DKUUT /Y DK matrices at the gridpoint bandwidths h,, ; is at least A*/2 > 0. These conditions also
ensure that there are at least (h,(1)/d)~2%* = (h,,/d)~2°» — oo treated observations within the bandwidth
hy,; of each gridpoint j.

(k) gridpoints with Ay ; > h(k). Recall by the above that A, ; <

Next, I claim that there are at most my,
RF@), Thus, the number of gridpoints with h,, ; > A is bounded by the number of j with k@D > hE).

By Lemma 25, this is bounded above by:

3 B (k) *(’Yo*l)(Qﬁu
b (i e5) 7 () W

’vogl) h(k) ~28u
D <exp|2” ké( ) =m®.

Next, I bound the largest conditional expected squared gridpoint error above. Let Z be the data of
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{X, D}. The local polynomial estimator is:

-1

T
S DK (HXi;xn,jH) U (Xi;%,j) U (Xi;%,j) S DK (HXi;xn,j”) U (Xi;xn,j) )%

1 X:—2n, ;] 1 X5 —%n 4l
Sow(150) o=

“33,7

f(zn,;) =17

Also write fin, (z) for the prediction of E[Y | X =z, D = 1] based on the £.-order Taylor expansion of u(X)

at , ;. On the above event, the conditional bias of the local polynomial estimator for a given gridpoint is:

ZD K (Hx _an,u) U( ;xm) (1(X2) — fin (X))

S DK ( HXz;:n,j ||)

= 0 (Muin(20) 1) O (h2) = O(hi2),

Elf(@n,) | 2] = plwny) = 178,

n

with a constant that is independent of P(n) and zgp. Thus, on the above event, the largest gridpoint

conditional bias is bounded. On the other hand, one gridpoint’s conditional variance is:

2 T
ZDiK (HXi;:n,jH) U (Xi;l'n,j) U (qujnj) Var(Y l X =X,;,D= 1) R

Var (fzn,;) | Z) = 1751 (Z "DiK (Hxizfn,j‘l))z |
coprs E0A (E)u (Bae) o (B )TU‘%“"E;H (K <1)
(Z DK (||Xi;:n,jH ))
:0< ZDK ”X “””')) >1T2 1142
e ax
_o ( ¥ ok (Bl )y ) 0 (i () )
-0 ( ~1pd+a/ (- 1>) o <Amm (Ep(n) [EHD_1> (Lemma 19, Lemma 24)
=0 (n nwjjgig/gg “) O(1) (Lemma 22)

=0 ( 213;L+d'vo/(‘vo 1)) ,

once again with a constant that is independent of P(n) and xg p.
The argument for characterizing the largest gridpoint error is not quite standard. By standard argu-
ments (Tsybakov, 2009), if there are at most m(]) gridpoints with hy, ; > hﬁf) so that Ny (hy; | ©nj ) >

(hy,;)~2P% and the h, ; bandwidths around m, ; are by construction non-overlapping subsets of [—1,1]¢,
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then Ep [maxj:hmﬁhgf) (f(zn ;) — Elp(zn,;) | Z))? | Z} =Op <log (mglj)> (h’n,j)Q’B“)' Then the conditional

expected largest gridpoint squared difference overall is bounded above by

kr,
B [ (o) ~ EliCon) | 2 1 2] < 3 B i o) = Elion) 1 20 | 2]
k=1
ka
<) Ep| max (i(zn;)— Eli(zn,;) | 2)* | 2
k=1 hn thn
k2,71 ﬁ N 25#
=0, | X 1o () (1) | + 0, (10stan) (1))
k=1
K (k) \ ~2Bu 24,
=0, |6) 27F hLl h;k)) (Proposition 6)
=\

(
~0, (k 2~k (hg}))m“) +0, (fjgg(%)z (hg))%) (4 fixed)

k=1
=0, (g P (hgll))wu) O, (11(:);((:))2 (hg))w“> (6 fixed)

—Bu

Thus, returning to more standard arguments, max?™, |fi(xy ;) — f(xn,;)] = Op(n) n** 4551 | But the
prediction for non-gridpoints has nondegenerate eigenvalues, so by standard arguments, max,e[_1,1]4 |o(z) —
w(x)| =0 (max?il |(@n,;) — p(zn )| + L <Lh1nj)ﬁ[> = Op(n) (). Therefore i achieves the global rate
¥, and with no polylogarithmic penalty.

Completing the proof. An achievable global rate of convergence is also an achievable pointwise rate of
- LYL
#Putd5571 s the optimal pointwise rate of convergence. A lower bound on the pointwise
—Bu

28, 4+d—20_ .
Futd3o=T is also the

convergence. Thus, n
rate of convergence is also a lower bound on the global rate of convergence. Thus, n

optimal global rate of convergence. O

Proof of Corollary 5. Write o, = and o, =

ﬁu Be
2B, +dvo/(v0—1) 2Bet+d”

By standard arguments (Stone, 1982) and Theorem 2, there are cross-fit estimators ji(X) and é(X) such
that r, ,, 3 (n/log(n))”** and r., 3 (n/log(n))”“°, none of which depend on 7q. As a result, Assumption 2
holds.

Take b, = r¢n log(n). Because ae > 0, 1 > b,, > r.,. By Corollary 1, it only remains to show that the

conditions of Assumption 3 hold.
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(a) Consistency. It is clear that 7, n,7en — 0.

(b) Product of errors. If 9 > 2, the claim holds by inspection. If not:

TunTe, ab00=2/2 Ty nb10/? < Ty, nr7°/2 log(n)"/? < (n/ log(n))fa“fawo/2 log(n)70/?

— log(n)aﬂ+o‘€’70/2+70/2niau7aﬁ"m/2

—n~1/2 log(n)au+ae'yo/2+'m/2n1/2—0m—Ove"fo/? < n 12, (Equation (2))

Y0/2

(c) Regression error near singularities. By inspection of the previous argument, r,, ,bn’’ " < n=1/2,

(d) Asymptotically known thresholding. By construction, 7 , < by,.

As a result, by Corollary 1, the result for Wald confidence interval validity holds. O

C.7 Choice of Threshold

Proof of Lemma 1. First, I show that there is at least one such solution.

Recall the equation:

by 2 He(X) < b} ) DA
fn(b) \/ —_n 1/2
\/ n 1 Z m'}x{e b}z max{e b}2

When b = 0, f,(b) is well-defined: > D/é is finite, so sup D/é&? is finite. Because the first two terms of f,,(b)

include multiplication by b, f,(0) = 0.

fa(1) = <\/5>_1+\/5—n—1/2> ( TILZD>_1—1>0.

The final line holds because 1 3~ D € (0,1] by assumption.

When b = 1:

Define b;, = supb < 1| f,,(b) < 0. Define b} = infb > b, | f(b) > 0. Because f,(0) <0 < f,(1), both
of these values are well-defined. Therefore, for every b satisfying b, < b < b}, it is the case that f,,(b) is a
well-defined real number that satisfies both f,,(b) > 0 and f,,(b) < 0. No such number exists, so it must be

that b, = b;". Define b, to be that value.
be ¥ 1{e(X)<b}
V2 men?

b2, /% > m is a strictly increasing function of b for b > min; é;. As b increases, the first term’s

numerator strictly increases and the denominator weakly decreases. As a result, the first term strictly

Next, T show that there is a unique solution. In particular, I show that g,(b) = +

increases in that range. For b < min; é;, the first term is zero and as a result is weakly increasing. The

7



second term can be rewritten as

1
\/ > " Dmin{é=2b4, b2},
n

which is a strictly increasing function. As a result, f,,(b) is a strictly increasing function in the desired range,

so that there can be at most one solution. O
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